1ST GRADED HOMEWORK

SOLUTIONS

Exercise 1. Let A = {0,1,2} . Write each of the following statements without
using quantifiers, instead using just the A, V and — operators.

a) dJx € A, P(x)

Solution: P (0) vV P (1) v P(2).
b) Vz € A, P(z)

Solution: P (0) A P (1) A P(2).
c) dx € A, =P (z)

Solution: —P (0) V =P (1) vV =P (2).
d) Vz € A, -P (x)

Solution: =P (0) A =P (1) A =P (2).
e) ~Jx € A, P(x)

Solutions: = (P (0) V P(1) V P(2))=-P(0) A =P (1) A =P (2).
f) =Vz € A, P(2)

( AP

0
Solutions: — (P (0) (I) A P(2))=-P(0) V =P(1) V =P (2).

Exercise 2. Write the definition of an odd number using mathematical notation.

Solution: A number n € Z is odd if and only if I3m € Z, n = 2m + 1.
Note: This definition is composed of these elements:
[A number n € Z]: The object that has the property.
[is odd]: The name of the property (here, an adjective).
[if and only if]: The logical relation between “being odd” and the property at
the right.
[3m € Z, n = 2m + 1]: The meaning of “being odd” expressed in mathemati-
cal notation. In English, this means:

There exists an number m such that n =2m + 1
or, equivalently,
n = 2m + 1 for some number m.
It is OK to consider odd natural numbers (N) instead of integers (Z).
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Exercise 3. Show that the product of two odd numbers is odd (Rosen [1], p. 75,
exercise 24).
Solution:

a) Let m € N and n € N be two odd numbers.
b) Being odd, there exist some m’ and n’ in N such that m = 2m’ + 1 and

n=2n"+1.
c) Onehasmn = (2m’ +1) (2n' + 1) = 4dm/n’+2m/+2n'+1 =2 (2m'n’ + m' + ')+
1

d) Because mn =2p + 1 for p = (2m'n’ + m’ +n'), mn is odd.
Note: The question can also be stated as
Show that, if two numbers are odd, then their product is odd.
This is done (in the solution above) by, first, taking any two odd numbers and then
showing that their product is indeed odd. The steps above do the following:
a) Take two odd numbers and name them m and n.
b) Explicitly write what it means that they are odd.
c) Write their product and chain equalities until it takes the “useful form”
mn =2(...)+ 1.
d) Point out that by definition of being odd, the product is odd.

Exercise 4. Define the set of prime numbers using the “set builder notation,”
without using the word “prime”.

Solution:

A number n € N is prime if and only if Vm € N, m|n = m € {1,n}.

The set of prime numbers is thus

{neN|VmeN, mn=me{l,n}}.
Alternative solution:
{neN|VmeN, FpeN, n=mp=me {1,n}}.
Note: This definition of a set is composed of

[{}]: Brackets enclosing the whole definition. Read “the set of.”
[n € N]: The name of the objects in the set, which will be natural numbers.
Read “natural numbers n.”
[1]: Separating vertical bar. Read “such that” or “that verify.”
[Vm € N, min = m € {1,n}]: A definition of “n is prime.” This definition
reads:
for all natural number m, if m divides n, then m is either 1 or n.
which is the same as:
the only divisors of n are 1 and n.
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Exercise 5.

a)

1) Write in English the following statement about natural numbers:

Im InIp, m? + n? = p*.

Solution: “There exist natural numbers m, n and p such that the sum
of the squares of m and n is the square of p.”

2) Prove or disprove this statement.
Solutionl: It is true, since 32 + 42 = 52,
Solution2: Take m = 3, n = 2 and p = 5. Then m? +n? =32+ 42 =
25 = 52 = p2, so the statement is true.

1) Write in English the following statement about natural numbers:
YmV¥nVp (m|n A m|p) = (VgVr, m| (qgn +1rp)).

you may keep the mathematical notation gn + rp.
Solution: For all natural numbers m, n and p, if m divides both n
and p, then for all natural numbers ¢ and r, m divides gn + rp.
2) Prove or disprove this statement.
Solution: Take m, n and p such that m|n and m/|p.
Since m | n, one has Vg, m|gn (said in class).
Likewise, since m | p, one has Vr, m/|rp.
As said in class, m|gn and m|rp implies that m| (qn + rp).
Note: This is a typical way of proving a “for all ... if /// then \\\”
statement: it consists of the steps:
[Take m ...]: Recall the assumption “///".
[Since ... ]+ True statements that can be deduced from the assump-
tion.
[implies that m| (¢gn 4+ rp)]: The “\\\” statement that is thus de-
duced from the assumption.

Exercise 6. Let A and B be two non-empty sets. Prove or disprove that
AxB=BxA

if and only if
A=B.

Solution: In order to show that A = B <= A x B = B x A, it is enough to
show that:

a) A=B = AxB=BxAand

b) AxB=Bx A = A=B.
Point a) : suppose A = B. Then obviously A x B = B x A.
If this does not seem obvious, here is a more detailed proof: A x B = B x A, if and
only if

V(z,y) ((z,y) € Ax B < (x,y) € Bx A).

Suppose (z,y) € A x B. One has
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(r,y) e AxB <= z€AANyeB

< zxe€BANyeA BecauseA=1B

<~ (z,y) € BxA.
Point b) : In order to show that Ax B= B x A = A = B, it is enough to show
the equivalent statement:

A#B = AxB+# B xA.

Suppose that A # B. Then, for some z,
(6.1) r€ANr ¢ BV reBAzx¢A

Since A and B are non-empty by hypothesis, there exist « € A and b € B.

Note that € A implies (z,b) € A x B and that © ¢ B implies (x,b) ¢ B x A
(independently of whether b € A or not). Similarly, (a,z2) € A x B and (a,x) ¢
B x A. So Eq. (6.1) implies:

((z,b) € Ax B)A((x,b) ¢ Bx A) V ((a,z) € Ax B)A((a,z) ¢ Bx A),
which implies (by definition of the equality of sets)
AXB#BxAVAXxB#BxA
and thus (P V P = P for any proposition P)
AX B#BxA.

Exercise 7. Write the negation of the following proposition without using the
existential quantifier 3.

ImIn(m>1An>1Am"—n"=1).
Solution: Any one is correct:

YmVn-(m>1An>1Am"—n"=1)
= Ymy¥nm<1VvVn<1lVm®—n™=#£1

Exercise 8. Let variables range over Z and let @ (x,y) be the propositional func-
tion « +y = = —y. Prove or disprove the following propositions (Rosen [1], p. 54,
exercise 26):

Solution: Note that t +y=2—-—y < s+y—2+y=0 < y=0.
a) Q(1,1) is the statement 1 = 0, which is false.
b) Q (2,0) is the statement 0 = 0, which is true.
c) YyQ (1,y) is the statement Vy, y = 0, which is false.
d) 3z Q (x,2) is the statement Iz, 2 = 0, which is false.
e) Jx Iy Q (z,y) is the statement Iz Jy, y = 0, which is true (take z = y = 0).
f) Vo 3y Q (z,y) is the statement Vz Jy, y = 0, which is true (take y = 0 for
any x).
g) JyVx Q (x,y) is the statement Iy Va, y = 0, which is true (take y = 0).
h) Vy 3z Q (z,y) is the statement Vy Iz, y = 0, which is false (take y = 1).
i) VaVy Q (x,y) is the statement Va Vy, y = 0, which is false (take z = y = 1).
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Exercise 9. Show that, in propositional calculus:

a) (P= Q)A(P= R) and P = (Q A R) are logically equivalent.
b) =P = (@ = R) and Q = (P V R) are logically equivalent
¢) P < @ and =P <= —(Q are logically equivalent.
d) (PVQ)A(=PVR))= (QV R) is a tautology.
(this is Rosen [1], p. 27, exercises 20, 24, 26, 28). You may do so using truth tables
or logical equivalence rules.
Solution:
Use e.g. truth tables. For this make sure you know the truth tables of the
—> and <= logical operators. Table 5, p. 6, Table 6, p. 9 and Table 3, p. 22.
Alternatively, you may use the equivalences in Rosen [1] p. 24, do:
a) ( P=QANP=R)=(-PVQ)A(-PVR)=-PV(QAR).
b) -P—= (Q= R)=PV-QVR=Q = (PVR).
c) P < @Q=-P < —Q (straight out of table 7).
d) (PVQ)A(=PVR))=PA(P= R)VQAN(P = R) implies (modus po-
nens on left term) RV QA (P = R), which implies (because QA (P = R)
implies Q) RV Q.
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