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= x̄ȳ = x̄|ȳ = (x|x) | (y|y)Sk�

x (y + z̄)
i}i�i"i�i}i�i"i�i}i}i}i}i}i}i�i"i�i}i�i"i�i}i}i}i�i"i�i}i�i"i�i}i}i}i}i}i}i�i"i�i}i�i"i�i}i}i}i�i"i�i}i�i"i�i}i}i}i�i"i

(x| ((y|y) |z)) | (x| ((y|y) |z))���GI>RMK4_f�7I'�G�V��5�@X5}3Xz^BDE25VUV:25}@C:25"3{@C:]5Z������F9���r�r��6\E�H^������19��5}3;6T@C143X?��
⊕
F
|
69E]H

↓ � 6\3X5V69?X?A1p8}BD6\@CBDo959FTB�i 59ikB�l[Fla143�6\yDy
x
F
y
6\E]H

z
BWE

{0, 1}
FT19E]5�:]69?

x⊕(y ⊕ z) = (x ⊕ y)⊕z
F
x| (y|z) = (x|y) |z

69E]H
x ↓ (y ↓ z) = (x ↓ y) ↓ z

i
��1	5"?VBW@�z$6\s45 ?A5"E]?C5�@C1'UV3XB�@X59F]@C:25"E

x ⊕ y ⊕ z
F
x|y|z

69E]H
x ↓ y ↓ z

�f193V@X1'q2=2BDyDH/@X:23X5}5��mBDE2�2=p@r����� F��r���r���
69E]H�������Y46T@X5"? �A�
�(P� ¡b(`7_fP�e.


J��
∀x, y, x, x ⊕ (y ⊕ z) = (x ⊕ y) ⊕ z

i�¢9=]?A@ZHp1^@C:25�@X3C=2@C:/@X69q2yW54i��r?X?A1p8}BD6\@CBDo959i
t{�

1| (1|0) = 1|1 = 0 6= 1 = (1|1) |0 = 0|0
ik�r1\@r64?C?C1p8�B|6T@CBDo954i

K>�
1 ↓ (1 ↓ 0) = 1 ↓ 0 = 0 6= 1 = (1 ↓ 1) ↓ 0 = 0 ↓ 0 = 1

i��r1\@r69?X?C1	8}BD6\@CBDo954i
�r1\@X6\@CBD19EG�

x ⊕ y ⊕ z
8}69E+6\yDU�6Mnp?rq�5�3C5769H
8}193X3C578£@CyDn�69?Z5"B�@X:25}3

x ⊕ (y ⊕ z)
193

(x ⊕ y) ⊕ z
F¤?CBWE]8}5Q@X:25QoT69yW=25^B|?

@X:25�?C69z^54ikj.6\z�E]1\@Z6MU�693C5r1\lh6Q@C:]3C5"5��{193�z�193X5��{BDE2�2=p@V������8;:]BW�GF	@X:219=]Y9:Gi{¥¦3CBW@CBDE2Y
x|y|z

193
x ↓ y ↓ z

U§14=2y|H
q�5r@X3CB|8;s	BW5"3§?CBWE�8�5

x|y|z
8}19=2y|H'z�576\E

x| (y|z)
F
(x|y) |z

193
xyz

F4@X:2B|?�yD64?[@�z^576\E2BDE2Y�q�5"BWE2Y�@C:]5�14E25�=�?A57H$la193§@C:]3C5"5��
69E]Hwz�143C5}�kBDE2�2=2@�8;:2BD�]?}i
���GI>RMK4_f�7I+¨�� ©	19yDo95 ª�«	5"3X8}BD?C5'¬7­$�GiG®	¬"¯'1\lV°W¬}±�i�²§19E]?A@C3X=]8£@�6'8�BD3;8�=2BW@rla143�6$:]69y�l.?C=2qp@X3X648£@X193Z=]?CBDE2Y����r��Y46T@X5"?"F
����Y46T@X5"?�6\E]H³BDE>o45}3C@C5"3X?"i �´L�J2 ¡µ��"b�th`}RTJ2K\`7P]R�:]69?�@[U�1�q]B�@;?�69?�BWE]�2=p@ 6\E]H³�23X1pHp=]8�57?�64?�19=p@X�2=p@ 6�HpB�¶¤5}3X5}E�8�5
q2BW@r6\E�H�6^q�193X3C1TU�i
·rBWE>@"�k¸�14=�z�6Mn$U�6\E>@�@C1$q]=2BWy|H�@C:25�@X3C=2@C:/@X69q2yW5�19l

x − y
6\E�H'@X:25�@C3X=p@C:/@;6\q2yD5�1\l�@C:25�q�193X3C1TU�q2B�@7i

�(P� ¡b(`7_fP�e.
�~�:25�@C3X=p@C:/@;6\q2yD5�BD?
x y x − y b­ ­ ­ ­
­ ¬ ¬ ¬
¬ ­ ¬ ­
¬ ¬ ­ ­

©	1�n419=�8�19=]yDH�=]?C5�54i Y�i
x − y = x ⊕ y = x̄y + xȳ

69E]H
b = x̄y

i
�A¹(º;»�¼£½]»�¾7¼A¿f¼�¼ÁÀ7ÂÄÃf»hÅXÆ|ÂÄÇMÈMÉ7»�¹�Êh¹hË+Ì;ÇMÍ�¹hÎkÏxÐ�ÌX»�¼[Ã�ÑD¼£Ò ÐMÒ¤ÓXÔ£Õ2Ö9×AØVÌ;ÇMÍ�ÓXÔ£Õ2Ö7Ù�Ó£ÚmÛTÜ�¾7ÂÄÝm¾�º£É7»¡ÈMÉ7»

xyz
Ì;ÇMÍ

x + y + z
Ò

�



Þ�ßpßpà �[á�âhã�ä}åXæCçrè ß ã]éDê4ë	ê]éíìcî ßpï¤ß è]ã2éíä ß ä�ðhä}ìcñ\ò¤ê�é|ìGî å
���GI>RMK4_f�7I+�c� ©	14yWo45�ª{«p5}3;8�B|?A5�¯��Gi2ó	ô\õ^1\l�°D¬�±mi.�öz�1pHp5}ycla143V@C:]5�E>=]zQq�5}3Z19lhyD19q]?A@C5"3X?V8"6\=2Y4:>@���5}3rn95"693VBD?Zq]69?C5"H
14Ex@C:25�69?X?C=2z��p@CBD19Ex@X:]6T@�@C:]5�E	=2z�q�5"3�19l�yW14q]?A@C5}3;?�8}6\=]Y9:>@�BDE³6wn95"693�B|?r@C:25�6Mo95"3X69Y95�1\l.@C:25^E	=2zQq�5}3�8}69=2Y9:>@�BDE
@X:25�@[U§1��23X5}o	BD19=]?�n45"6\3;?"i

J��³0hBWE]H+6�3C578�=23X3C5"E]8�5�3X5}y|6T@XBW14Ewla143
{Ln}

F�UV:25}3X5
Ln

B|?V@C:]5 E	=2zQq�5}3�1\l{yW14q]?A@C5}3;?Z8"6\=2Y4:4@ZBDExn9576\3
n
F�=2E]Hp5"3

@C:25 64?C?C=2z��p@XBW14Ewla143�@C:2B|?Vz�1pHp5}y�i
�GP� fb�`"_¡P�e§


��÷piD¬ � Ln =
1

2
(Ln−1 + Ln−2) =

1

2
Ln−1 +

1

2
Ln−2.

t{�+0hBWE]H
Ln

BWl
100, 000

yD19q�?[@X5}3;?V6\3X5�8"6\=2Y4:>@�BDE�n95"693�¬�69E]H
300, 000

U�5}3X5�8"6\=2Y4:>@�BDE�n9576\3Zôpi
�GP� fb�`"_¡P�e§

©>@C3;6\BDY9:>@x19=2@
1\l^@C:25uq2y|698;s	q�14693XH�1\l$~�:	=23X?XH26MnVøf?/8�y|69?X?"�úùG5�@

r1 =
1

2
+

q

( 1

2 )
2
+4 1

2

2
= 1

69E]H
r2 =

1

2
−

q

( 1

2 )
2
+4 1

2

2
= − 1

2

q�5x@X:25
?C19yD=p@CBD19E]?^@X1
r2 − 1

2
r − 1

2
= 0

�Q@C:2B|?$B|?'8}69yWyD5"Hû@C:]5wüMK7LhJpRTJ2K9`"I>RT_f�"`"_fK
I	ýcb�Jp`7_fP�ecþ�1\lh@C:25�3X5}y|6T@XBW14Ewª.<�i¤÷piD¬9F	j§UVBDyDy(8�14z^5�q]648;s�@C1�@X:2BD?Zq23CBD5�ÿ�n'E25�«	@r~�:	=23;?CH]6Mn9i
©	BDE]8�5

r1 6= r2

F]69yWy¤@X:25 ?C19yD=p@CBD19E]?�@X1�ª.<�i�÷piD¬�@X6\s45�@C:25�la143Cz
Ln = α1r

n
1 + α2r

n
2

Fpla143Z?A14z�5
α1

6\E�H
α2

i
~�:25'14E2yWn¦�]693X69z^5}@C5"3X?

α1

F
α2

la143 UV:2B|8;:�@C:25�BWE2BW@CB|6\y�8�14E]HpBW@CBD19E]?
L0 = 1e5

6\E]H
L1 = 3e5

:219y|Hu6\3X59�
α1 = r2L0−L1

r2−r1

= 7

3
e5
69E]H

α2 = −r1L0+L1

r2−r1

= − 4

3
e5
i��ZyW@C14Y95}@C:25"3"Fp14E25�:]69?"�

Ln = 1e5

(

7

3
−

4

3

(

−
1

2

)n)

.

���GI>RMK4_f�7I��(�r0hBWE�H�@C:25�?C19yD=p@CBD19E]?�@C1Q@C:25�:219z�19Y45}E25"19=]?.3C578�=23X3X5}E]8}5V3C5"yD6\@CBD19E]?§6\E]H'8}19z��2=p@X5Z@X:25r��3X?A@�la5}Uú@C5}3Xz$?
19l(@C:]5 ?A57<4=]5}E]8}5

J��
xn = 2xn−1 − xn−2

UVB�@X:xBWE2BW@CB|6\yG8}19E]H2B�@XBW14E]?
x0 = 2

6\E]H
x1 = −4�GP� fb�`"_¡P�e§
.©	BDE]8�5

r1 = r2 = 1 = r
F9@X:25Z?A14yW=2@CBD19E]?k@;6\s45§@X:25Vla143Cz

xn = αrn +βnrn
F>UV:25"3C5

α = x0 = 26\E]H
β = x1

r
− x0 = −6

i{�ZyW@C14Y95}@C:25"3"Fp14E25�:]69?
xn = 2 − 6n.~�:25��]3;?[@VoT6\yD=257?�1\lh@C:25 ?C5"<>=25"E]8�5�6\3X5^�.ôpFp�mó]F>�;¬"­2F	�;¬���iDiWi

t{�
xn = xn−1 + 3

4
xn−2

UVBW@C:�BWE]B�@XBD69y(8�14E]HpBW@CBD19E]?
x0 = −2

6\E]H
x1 = 1�GP� fb�`"_¡P�e§
V~�:25Q?C19yD=p@CBD19E�?

r1 = 3

2

6\E]H
r2 = − 1

2

@C1�@X:25Q8;:]693X648£@X5}3XBD?A@CB|8�5"<>=]6T@XBW14Ex6\3X5�H2BD?A@CBDE]8£@7F�?C1�@C:]6\@
@C:25�?C19yD=p@CBD19E�?§19lG@C:]5�3X5"8}=23X3C5"E]8�5�3C5"yD6\@CBD19E'@;6\s45r@X:25�la193Xz

xn = α1r
n
1 + α2r

n
2

FpUV:25}3X5
α1 = x0r2−x1

r2−r1

= 06\E]H
α2 = −x0r1+x1

r2−r1

= −2
i��ZyW@C14Y95�@X:25}37Fp19E]5�:�69?

xn = −2

(

−
1

2

)n

.

~�:25V�]3;?A@{la5}U�oM69yW=]5"?{19l�@X:25r?C5"<>=25}E�8�5Z6\3X5��(�[ôpF]¬9F\�Á­2iÄ÷pF4­2iÄô9÷pF\�m­]iW¬Mô9÷pF\­]i ­��4ô4÷pFM�Á­2i ­9õ2¬MôpF\­]i ­]¬7÷��]FM�m­]i ­4­>®\¯2¬9F
­2i ­9­4õ��2¬4F9�Á­2i ­9­]¬��>÷pF4­]i ­4­9­��>®9®$iWiDiDi

K>�
xn = xn−1 + 3

4
xn−2

UVBW@C:�BWE]B�@XBD69y(8�14E]HpBW@CBD19E]?
x0 = − 3

2

69E]H
x1 = 1�GP� fb�`"_¡P�e§
�©26\z�5 69?V69q�1To459F	q2=p@

α1 = 1

8

6\E]H
α2 = − 13

8

F]?C1�@C:]6\@

xn =
1

8

(

3

2

)n

−
13

8

(

−
1

2

)n

.

~�:25��]3;?[@�la5"U�oT6\yD=25"?�19l�@X:25�?A57<>=25}E]8}5�6\3X5^�h�;¬9iÄ÷pFc¬4F	�m­]iW¬Mô9÷pF	­2i �4ô4÷pFp­2iÄ÷\õ]¬9F�¬9Fc¬4i ó�F]ôpiD¬7÷pFpõ]i ô2Fpó]i ¯2¬9F]®pi ô2¬9F
¬"­]i ¯]Fc¬��2iÄôpF2ô\ó]i õ2Fpõ��]i ÷2Fp÷\ó]i ®	F2¯>ôpiD¬9F¤¬7ô9õ2F¤¬"¯>÷pF2ô4®4®	iDiWi

�r1\@C5�@X:]6T@V@X:25 ?C69z�5�3X5"8}=23C3X5}E�8�5�3C5"yD6\@CBD19E/z�6Mn$n	BD5}y|H�6^?C5"<>=25"E]8�5�@X:]6T@�@C5"E]H2?�@X1	�}5}3X1x�at���6\q�1To95 � 143§@X:]6T@V@X5}E]H]?@X1^BDEp�]E]B�@[n¦�fJ�� � i

���
��������������

� ×�����Ò���ÒTÏGº£Ã�¼[Ç>Ò�� �"!�#%$'&)(*& +-,.("/0&)12,.(3�"#)!4,65�728�(9!�:<;6;�= �"#>,.(3�9?.5�!mÒ�@�ÝBAh¿�Ì[ÜC��ÂEDED|Û0F�¼[ÍMÂ »�ÂÄº£Ç4Û\Ù£Ø£Ø£Å7Ò


