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 �¡�¢�£r¤L¥§¦R¨�©§¤Lª¬«�¤L¦¬­�©¯®�¢�¨B¤N°�ª¬¢�±�¢p²�³�©¯£B¢�£B¡�¤�¦�¥¯´�µ.¢�¶�²B©§¨r¨�¢�ª·©¯ª·£B¦�³]¡1°¸¶¹°!«�¨B¡9°i¨�°
²�¢p°�´�¢�²,º;¶�¡�¤*¶O¤L¦�¥|´¸¡�°!®L¢»²B¢,°�´*¨�¡�¢�¼%¦�¢,£s¨�©§¤Lª4º4¦�ª�´�¢�²]£s¨]°�ª�´�£�«L¤�¦�²�°�ª�£B¶O¢p²�°�ª�´(¡�¤i¶
«�¤L¦�³p°�½»¢@¨B¤»©§¨p¾

• ¿ ¤�«�¤L¦�£�°!«*¶�¡�°i¨�«�¤L¦�°�²�¢»´R¤�©¯ª�­�º4£B¤�¨B¡�°�¨@¨�¡�¢»²B¢,°�´R¢p²wÀ�ª�¤i¶o£@¶�¡�°�¨�©¯£@­�¤L©§ª�­¤Lª9Á

• ¿ ¤�«�¤L¦ZÂs¦9£s¨�©vÃÄ«�¢p°�³]¡�£r¨B¢�Å�¨B¡9°i¨oª�¢p¢p´�£�Âs¦9£s¨�©vÆ9³p°i¨�©§¤Lª9Á

ÇÉÈ�ÊFËEÌ�ÊFËEÍ
ÎÐÏ!Ñ�ÒEÓ%ÔiÓ�Ó%Õ4Ö�×pØ�Ù�Ú&ÔiÛ4Û9Ü�Ý@ÚEÔiÛ4Û.Ü�Þ;ß�ÓLÕ4à�á�Ú&â#Ó ã
ä ¾ ä  �¡�¢�£B¤�¥¯¦R¨B©¯¤�ª�¾�¾�¾�¾�¾�¾�¾@¾�¾�¾�¾�¾�¾�¾�¾�¾�¾�¾@¾�¾�¾�¾�¾�¾�¾�¾�¾�¾�¾�¾ å
ä ¾�åçæU°�²�©|°�ª%¨è¾�¾�¾�¾�¾�¾�¾�¾�¾@¾�¾�¾�¾�¾�¾�¾�¾�¾�¾�¾@¾�¾�¾�¾�¾�¾�¾�¾�¾�¾�¾�¾ é

ãèÏ!ê�Û9Ô�à�â�â¯Ù�ÚEÔiÛ4Û.Ü ë
åR¾ ä  �¡�¢�£B¤�¥¯¦R¨B©¯¤�ª�¾�¾�¾�¾�¾�¾�¾@¾�¾�¾�¾�¾�¾�¾�¾�¾�¾�¾@¾�¾�¾�¾�¾�¾�¾�¾�¾�¾�¾�¾ ì
åR¾�åîíï®i°�²�©¯°�ª%¨ð¾�¾�¾�¾�¾�¾�¾�¾@¾�¾�¾�¾�¾�¾�¾�¾�¾�¾�¾@¾�¾�¾�¾�¾�¾�¾�¾�¾�¾�¾�¾ ñ
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�����! #"%$ &'�)(+*-,/.#0213,5461
∃A ∀B A ∪ B = B ∧ B \ A = B

7�8)9 :<;=$ 8)>?(+@A4#B%C
A = ∅ DEFC+G/.#0�HI,/.#0213,)461

∀B ∅ ∪ B = B ∧ B \ ∅ = B

J�CK1
B L CM4NHICK1 DO�G/C+,54%H

A ∪ B = ∅ ∪ B = B PRQTS CKU D .#U ∅4#G S
B\A = {x | x ∈ B ∧ x /∈ A} P?Q�S CKU D .#U \

= {x | x ∈ B ∧ x /∈ ∅} PRQTS CKU D .#U A
= {x | x ∈ B} PRQTS CKUV.#U ∅
= B.OWG5CX13,!Y)HZ,54%H

A ∪ B = B ∧ B\A = B.

the needed property
Object has one of

needed property
Object has the other

Make things really
explicit

A "there exists" proof

"For all" sub−proof

Your proposed object

Say what you will do

Justify your steps

[&©§­L¦�²B¢ äX\^] ²B¤�¤�Ã&µ�«�¢	±�°�½�Å�¥§¢L¾
[&©§­L¦�²�¢ ä £B¡�¤i¶o£�°»£B°�½�Å�¥§¢�¢�±�¢p²�³�©¯£B¢�°�ª�´�£r¤L¥§¦�¨B©¯¤�ª4¾U �¡�¢�¼%¦�¢,£s¨�©§¤Lª�©|£ \

_ ¡�¤i¶ï¨B¡�°�¨�¨�¡�¢�²�¢�¢	±R©|£s¨]£w°�£r¢�¨
A
£B¦�³]¡*¨�¡�°i¨,º�ÃÄ¤L²w°�¥§¥�£r¢�¨

B
º
A ∪ B = B°�ª�´

B \ A = B,

¶�¡�¢p²B¢
B \ A

©¯£�¨B¡�¢�£B¢	¨
B
½»©§ª�¦�£

A
¾

`ba5` cedgfih+jlk5mgnpo5jlq
_ ©¯ª�³	¢o¨B¡�¢�¼%¦�¢,£s¨�©§¤Lª»©¯£U¨B¤Z£B¡�¤i¶1¨B¡�°�¨^rx¨�¡�¢�²�¢�¢	±R©|£s¨]£-so£B¤�½»¢	¨�¡�©§ª�­�º�©§¨7©|£U¢pª�¤�¦�­L¡�¨B¤Z£B¡�¤i¶
¤�ª�¢@¤LµRÂs¢p³	¨�t�³�°�¥§¥¯¢p´

A u ¨B¡�°�¨o®�¢�²�©§Æ�¢p£O¨B¡�¢�´R¢p£B©§²�¢p´�Å�²�¤�Å.¢�²B¨s«vtÄ©¯ª*­�²�¢�¢pª�©¯ª�[&©¯­�¾ ä u ¾
w ØpÓ%ÚïÎ9Ý�xFÒEÛ�Û9×,Ó�à�õ Û9Þ�y,Ó�ø�Ø
_ ¤�¨B¡�¢�Æ�²�£r¨o£s¨�¢�Å�©|£¹¨B¤�£�°!«�¶�¡�°i¨o¤LµRÂs¢p³	¨�«L¤�¦�¶�©§¥¯¥�£B¡�¤i¶�¾= �¡�©|£�©¯£�¨�¡�¢

 &°�ÀL¢
A = ∅

¾
Å�°�²r¨,¾

å



w ØpÓ%Ú ã;Ý w ÒEÛMz Ø,ÒEà�Ø�ØpÒ&Ó*Û�Þ{y,Ó%ø�Ø�ù9Ó%ÔiÖ=|�Ó�×FØ,ÒEÓ¸öEÓ�×,ÖÄÔiÓ�ö1Ú&ÔiÛ�ÚOÓLÔ!Ø]ß
 �¡�©|£�©¯£�¨B¡�¢�£B¦�µp} Å�²�¤%¤�Ã�©¯ª�[&©¯­�¾ ä ¾= �¡�¢�Å�²�¤�Å.¢�²B¨s«»¨B¡�°�¨

A
£r¡�¤L¦�¥|´�®L¢�²�©vÃÄ«�©|£ \

[�¤�²o°�¥§¥
B
º
A ∪ B = B

°�ª�´
B \ A = B

°�ª9´�~7£�°!«�¨B¡�°�¨�~7¶�©§¥¯¥Hª�¤i¶ Å�²�¤i®�¢o©§¨�t3r ×,à�ß�z»Ò&àRØ�ß9Û.÷�z�Ö#â�âUö&Û s�º�©§ª�[&©§­9¾ ä u ºR£B¤Z¨�¡�°i¨¨B¡�¢�²B¢,°�´R¢p²¹À�ª�¤i¶o£¹¶�¡�°�¨o¶�©§¥¯¥�³�¤�½»¢�ª�¢	±�¨p¾
~ ÃU¨B¡�©¯£wÅ�²�¤�Å.¢�²B¨s«�©|£o¨�¤�¡�¤L¥¯´�rsÃÄ¤�²@°�¥¯¥

B
s]ºT~o£r¡�¤�¦�¥|´�¨�°�À�¢�rB°�ª�«

B
sZ°�ª�´¸£r¡�¤i¶ ¨�¡�°i¨

¨B¡�¢�Å�²B¤LÅ9¢p²r¨�©§¢,£
A ∪ B = B

°�ª�´
B \ A = B

°�²B¢@¨B²�¦�¢@ÃÄ¤�²�©§¨p¾
_ ¤�~O£�°!«

��¢	¨
B
µ.¢�°�£B¢	¨,¾

¨B¤�£�°!«�¨B¡9°i¨
B
©¯£2rr°�ª%«�£B¢	¨5s]¾

w ØpÓ%Ú ã{�#Î9Ý w Ò&ÛMz Ø,ÒEàRØ�Û.õ&Ó*Û9Ü�Ø,ÒEÓ�ÚEÔiÛ9Ú7Ó%Ô,Ø,Ö�Ó�×�Ö�×�Ø�Ôi÷&Ó�Ü Û�Ô�à�õHß
B

 �¡�¢@Æ�²]£s¨oÅ�²B¤LÅ9¢p²r¨s«�©|£�®�¢p²B«�£B©¯½�Å�¥§¢�°�ª�´�~EÂs¦�£r¨�£B°!«
A ∪ B = ∅ ∪ B = B

t�µ%«�´R¢	Ãs¾U¤�Ã
∅ u

_ °!«�©¯ª�­�rrµ�«�´R¢�Ãs¾=¤�Ã
∅
s@©|£�ª�¤�¨o²B¢,°�¥¯¥§«�ª�¢p¢p´R¢,´;º�µ�¦�¨o©v¨�´R¤�¢,£rª�� ¨o¡�°�²B½�¾

w ØpÓ%Ú ã{� ã;Ý w Ò&ÛMz Ø,ÒEàRØ�Ø,ÒEÓ*Û9ØpÒ&Ó%Ô�Ú&Ô!Û9Ú7Ó%Ô!Ø]ß�Ö#×FØpÔi÷EÓ�Ü Û9Ô�à�õHß
B

 �¡�¢�£B¢p³	¤Lª�´�Å�²B¤LÅ9¢p²r¨s«�©¯£�£B©§½»Å�¥¯¢�¨B¤�¤9¾F�U¤L¦*³	¤�¦�¥¯´�£B°!«�´R©§²�¢p³	¨B¥¯«�¨B¡9°i¨
B \ ∅ = B

~xª�[&©¯­�¾ ä ºH¨B¡�¢p²B¢»°�²�¢Z¥¯¤�¨]£w¤�Ã7®�¢p²B«�´�¢	¨�°�©§¥¯¢p´�£s¨�¢�Å�£w¨�¡�°i¨�³	¤L¦�¥|´�¡�°!®L¢Zµ.¢�¢�ªN´R©|£rÅ.¢�ª9£r¢,´
¶�©§¨B¡4¾��¹¦R¨�°�­L°�©¯ª4º%¨B¤�¤�½F¦�³]¡�´�¢	¨�°�©§¥4´�¤%¢,£�ª�¤�¨�¦9£r¦�°�¥§¥¯«�¡�°�²B½�¾
w ØpÓ%Ú ã{�|ò4Ý���÷�Ø�Ø,ÒEÖ#õF�.×FØpÛT�9Ó%ØpÒ&Ó%Ô
 �¡�©|£�©¯£�¨B¡�¢�rR� à��9Ó*Ø,ÒEÖ#õF�.×ZÔiÓ�à�â#âÄß1Ó%Õ;Ú�â�Ö#ø�ÖÄØ s�£r¨B¢pÅ�©¯ª�¨B¡�¢�Æ�­L¦�²�¢�¾
`ba#� �����No5��q2n

���6�3���3� � �=¡�¢¤£K¥�¦p§ £K¨�§5§ £K© ª ©�© «K¬ ­ § ­5¨A­ © §
A
­ ®K¯ £?§ £K¨I§ °¤± ¥3ª/¨3² ²=­ © §

B
°K¥3³K©�£'¨I­

A ∪ B = B ∧ B \ A = B

[&©§­L¦�²B¢�å \ í�ª�¢	±R¢�²]³	©|£r¢@¢	±�°L³�¨B¥¯«�¢,¼L¦�©§®i°�¥¯¢�ª%¨�¨B¤»¨�¡�°i¨o¤�Ã^[&©¯­�¾ ä ¾

é
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¹�º6»¤¼�½3¾ ¿ »=À�Á¤Â'Ã�Ä�Å ÂKÆIÅ
∀A ∀B, A ∪ B = A\B ∪ B\A ∪ A ∩ B.

Ç6È=É Ê%Ë ¾ È'Ì À�Í%Î Å
A
ÆIÏ'Ð

B Ñ Î�Å Ä/ÃVÒ Î Å Ò ÓÔ�Î�Ä5Õ Ö Ö6Ò Â'Ã�Ä�Å ÂKÆIÅ
x ∈ A ∪ B

Õ Ò5Î ×¤ØKÕ Ù�Æ3Ö Î Ï¤Å5Å Ã
x ∈ A\B ∪ B\A ∪ A ∩ B

ÓÍ#Î Å
x ∈ A ∪ B

Ó
x ∈ A ∪ B ⇐⇒ x ∈ A ∨ x ∈ B Ú5Û Ð'Î Ü Ó-ÃIÜ ∪

⇐⇒ x ∈ A ∧ (x ∈ B ∨ x /∈ B) ∨ Ú Î Ý Æ3ØKÒ Î P ≡ P ∧ (Q ∨ ¬Q)

x ∈ B ∧ (x ∈ A ∨ x /∈ A)

⇐⇒ x ∈ A ∧ x ∈ B ∨ x ∈ A ∧ x /∈ B ∨ Þ Õ Ò Å ß Õ Ñ Ø¤Å Õ Ù¤Õ Å Û
x ∈ B ∧ x ∈ A ∨ x ∈ B ∧ x /∈ A

⇐⇒ x ∈ A ∩ B ∨ x ∈ A\B ∨ Ú5Û Ð'Î Ü Ó-ÃIÜ ∩ Æ3ÏKÐ \
x ∈ B ∩ A ∨ x ∈ B\A

⇐⇒ x ∈ A\B ∨ x ∈ B\A ∨ x ∈ B ∩ A à Î Ã3ß ÐKÎ ß
⇐⇒ x ∈ A\B ∪ B\A ∪ B ∩ A Ú5Û Ð'Î Ü Ó-ÃIÜ ∪

Chain logical
equivalences

result comes out
Until the desired

A "for all" proof

Take two objects

Say what you will do

Justify your steps

[&©§­L¦�²B¢�é \ íïÅ�²B¤�¤�Ã&µ�«�¢	±�°�½»Å�¥¯¢�¾
[&©§­L¦�²�¢�é»£B¡�¤i¶o£�°»£B°�½�Å�¥§¢�¢�±�¢p²�³�©¯£B¢�°�ª�´�£r¤L¥§¦�¨B©¯¤�ª4¾U �¡�¢�¼%¦�¢,£s¨�©§¤Lª�©|£ \

_ ¡�¤i¶ ¨�¡�°i¨�ÃÄ¤L²o°�¥¯¥4£r¢�¨�£
A
°�ª�´

B
º
A ∪ B = A\B ∪ B\A ∪ A ∩ B

¾

��a5` cedgfih+jlk5mgnpo5jlq
_ ©¯ª�³	¢@¨�¡�¢�¼L¦�¢p£r¨B©¯¤�ª�©|£¹¨B¤�£B¡�¤i¶ ¨�¡�°i¨lrsÃÄ¤�²�°�¥¯¥

A
°�ª�´

B
s�ºp~7£r¡�¤�¦�¥|´�¨]°�ÀL¢@°�ª%«»¨s¶¹¤»£r¢�¨�£

°�ª9´�£B¡�¤i¶ ¨�¡�°i¨�¨�¡�¢�´R¢,£r©¯²B¢,´�Å�²B¤LÅ9¢p²r¨s«�¡�¤L¥¯´�£¹ÃÄ¤�²�¨B¡�¢�½�¾
w ØpÓ%ÚïÎ9Ý¶á�Ó%øLâ�àRÔiÓ*Ø,ÒEÓ¸Û�Þ{y,Ó%ø�Ø»ß9Û.÷âz�Ö�â�âO÷E×,Ó
_ ¤�¨B¡�¢�Æ�²�£r¨o£s¨�¢�Å�©|£¹¨B¤»¨�°�À�¢@¨s¶¹¤�£B¢	¨]£�º�¶�¡�©¯³]¡�©¯£�´R¤�ª�¢�µ�«�£�°!«�©§ª�­

��¢	¨
A
°�ª9´

B
µ.¢�¨s¶O¤»£B¢	¨�£p¾�ã

w ØpÓ%Ú ã;Ý w ÒEÛMz Ø,ÒEà�Ø�ØpÒ&Ó%×,Ó*Û9Þ�y,Ó�ø�Ø,×»ù9Ó%ÔiÖ�Ü ß·Ø,ÒEÓ�ö&Ó�×pÖ�ÔiÓ%ö�Ú&ÔiÛ�Ú7Ó%Ô!Ø]ß
_ ©¯ª�³	¢@¨�¡�¢�´R¢p£B©¯²B¢,´�Å�²�¤�Å.¢�²B¨s«
ä/åKæpç%èRé�êVëRé/ì#ç#í î<ï�ð�ñ�ìFñ�òWî<ë?çFïZñ�ç%ë?ó%ñ�ôpïVëRõ�òWé/ó6ì)öRå÷ð{î<ëRô øùèRñ5úAébì!ñ�í øüû-ô é-ç

A, B ∈ N ý û

ì



A ∪ B = A\B ∪ B\A ∪ A ∩ B

©|£Z°�ª·¢p¼%¦�°�¥¯©§¨s«¸¤�Ã�£B¢	¨]£)þ�º�~�½»°!«(Å�²�¤i®�¢�©§¨Fµ�«N£r¡�¤i¶�©¯ª�­�¨�¡�°i¨,º�ÃÄ¤�²F°�ª�«�¢p¥§¢p½�¢pª%¨
x
º
xµ.¢�¥¯¤�ª�­%£7¨�¤»¤�ª�¢�£r¢�¨�©vÃ=°�ª�´�¤�ª�¥¯«�©§ÃE©§¨oµ9¢p¥§¤Lª�­L£O¨�¤F¨�¡�¢�¤�¨�¡�¢�²¶t ¨�¡�©|£�©¯£¹¨�¡�¢�´R¢	Æ9ª�©v¨�©§¤Lª�¤�Ã

£B¢	¨�¢p¼%¦�°�¥§©§¨s«�°�£�~¹­L°!®L¢�©§¨o©§ª�¨�¡�¢�Æ�²]£s¨o¥¯¢p³	¨B¦�²�¢ u ¾_ ¤
~ ×,à�ßÿz�Ò&àRØ*ó�z�Ö�â#â�ö&Û ºH¨�¤�½�°�À�¢F£B¦�²�¢Z¨�¡�¢»²B¢,°�´R¢p²�À�ª�¤i¶o£w¶�¡�°i¨�¨�¤�¢�±�Å.¢p³	¨p¾_ ©¯ª�³	¢�~O¨�°�À�¢�°�ª�¤�µRÂs¢,³�¨
x
µ.¢�¥¯¤�ª�­L©§ª�­Z¨�¤

A ∪ B
º�~¹£�°!« \

��¢	¨
x ∈ A ∪ B

w ØpÓ%Ú�ã���Î.Ý w Ò&ÛMz Ø,ÒEà�Ø
x ∈ A∪B

Ö�×�Ó��;÷&ÖÄù�à�â#Ó%õHØ�Ø,Û
x ∈ A\B ∪ B\A ∪ A∩B

 �¡�©|£�©¯£�´R¤�ª�¢�´R©¯²�¢p³�¨�¥§«Lº�µ�«�³]¡�°�©§ª�©¯ª�­»¥¯¤�­�©|³�°�¥H¢p¼%¦�©¯®!°�¥§¢pª�³	¢,£�º�£r¨�°�²r¨�©§ª�­FÃÄ²�¤�½
x ∈ A ∪ B¦�ª%¨B©¯¥

x ∈ A\B ∪ B\A ∪ A ∩ B
³�¤�½»¢p£�¤L¦R¨p¾Uí�ª�´FÂs¦�£r¨B©§ÃÄ«%©¯ª�­�¢,°�³]¡�£s¨�¢�Å4¾

��a#� �������No/�bq2n

���	��

��� �������	���
A ����� B � �����! #"$���%"�&('�)* 
�+��) � �

A ∪ B = A\B ∪ B\A ∪ A ∩ B.

[&©§­L¦�²B¢@ì \ í�ª�¢	±R¢�²]³	©|£r¢@¢	±�°L³�¨B¥¯«�¢,¼L¦�©§®i°�¥¯¢�ª%¨�¨B¤»¨�¡�°i¨o¤�Ã^[&©¯­�¾�é�¾

, ñ�ïRø�ñ2ð�é5ô ô -�. ïRî5ð ï�î<ïRé ý
ñ
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8:9�;�<>=%? @�;�A:B
C�D	E�F F�GHE%I J
D E�F�G�JHK!L�M$D
n N F M$I xn

L�MOEPD M�E%F�G�JHK!L�M$D�Q�R�M$I
x0 = 0E%G
S NHT C�D	E�F F n ≥ 0 N S
M U�GHM

xn+1 = xn + n + 1.V�W C>XYL�Z\[ G
SHJ
] I [ C�G�I W E%I
∀m ≥ 1, xm =

m (m + 1)

2

^�_�` a*b$? _�cdA:e7M$U
G
M7I W MOf I E%I M$KPM$G�I
P (m) g

P (m)
∆
≡ xm =

m (m + 1)

2

hiM7X	[ F F�j
D C%k�M:LHZ\[ GHS
JH]$I [ C�G�I W E%I
P (m)

[ flI D J
M T C�D	E�F F m ≥ 0 g
m	n>o p oOo$q r s�t

P (0)
[ f	I W MOf I E%I M�KPM$G�I

x0 = 0(0+1)
2 = 0 N X W [ ] W [ flI D J
MOL�Z\E�f f JHKPj�I [ C�G�Q

u v�w%x
y$q p z>rOo$q r s�t:{:f f JHKPM:I W E%I NHT C�D	f C�K!M k ≥ 1 N P (k)
[ flI D J
M N [ Q M%Q�C�GHM W E�f

xk =
k (k + 1)

2
.

| W M$G N C�GHM7E�F f C W E�f g

xk + k +1 =
k (k + 1)

2
+ k + 1

=
k (k + 1)

2
+

2 (k + 1)

2

=
k (k + 1) + 2 (k + 1)

2

=
(k + 2) (k + 1)

2

=
(k + 1) (k + 2)

2

=
(k + 1) ((k + 1) + 1)

2

}:C>X N L�Z\S
M U�GH[ I [ C�G N xk+1 = xk + k + 1 N f C(I W E%I:C%G
M W E�f g
xk+1 =

(k + 1) ((k + 1) + 1)

2
,

X W [ ] W [ flI W MOf I E%I M�K!M�G�I
P (k + 1)

Make things really
explicit

Until something useful
comes out

Introduce some notation

Say what you will do

Recall what assumption is

Massage assumption

A proof by induction
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