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« � ¬'­Q®¦¯±°D²5­B³D´
« � « � 	 xzq�µ�s¶��·_v�¸¹v�xWµ�s���·_¸¹·lº
� pd»0�5���(�¼v���º & ·_v�¸½vQxWµ0s5�¼r���xWqBµ�s�e��¥¾>\�f

G = (V, E)
^~kQo

G′ = (V ′, E′)
��\'enh���§Q�j\¢}[ZL^~§QaQe��

G
^[kQo

G′^~Zi\�ei^~h.o�fnY���\Fh�enY[��Y[Zi§BaBh.`�h¿�V^~kQo�YlkB�j��h¿�V^~kQo�Y[kQ�j�*hj��fnaB\(Zn\F\�ÀUh.e�fieP^��Bh Ág\(`KfihjYlk
f : V −→ V ′

e�c�`La�fiaQ^zf
∀u, v ∈ V, {u, v} ∈ E ⇐⇒ {f (u) , f (v)} ∈ E ′.

�]aBh.e'o�\���kBh¿fihjYlk9h�e'�W^[�jh.oC�RY[Z'}lZi^[§BaQe¢{Phjfna9��YUY[§Qe�fiYdY����Âk�fnaQ\�`�^le�\�Y[���wcB�¿fih¿Ã�}[ZL^~§QaQe�Ä�^le'o�\���kB\(o�h�k|fnaB\
aB\���§�\�Z�§Q^~}l\FÅ�ÆdÆdÇ]ÈnÉUÉzÊUÊUÊ]ËÂÌ�ÍdÎ0ËÐÏUÑdÒ�Ë�Ó[ÔlÏQÉ�Õ~ÓlÆ3ÍWÓ[ÖdÖBÓUÉB×UÎzØUÙdÚUÉ~ÅBÓ�ÛWÇQÓ[Ü�Î0ËÐÅ�ÆWÝ7Û[ÞlßUÜ�à[ÇlÅ3Î~áKmd{�\w{Phj���5c�e�\¡fnaB\
o�\���kBh¿fihjYlkDâ
� pd»0�5���(�¼v���º & ·(v�¸¹v�xWµ�s���r<twpd�¼��s�pUy0ãQ¸��5ä��(�  ��xzq�µ0s5·l�¡¾D\�f

G = (V, E, w)
^~kQo

G′ = (V ′, E′, w)
��\

�¡cB�jfnhjÃ�}[ZL^~§BaQe(�
G
^[kQo

G′
^[Zn\Fei^~h.o�fiY���\Fh.e�Yl��YlZn§QaBh�`�hj�0^[kQo�YlkB����h¿�V^~kQo�Y[kQ�j�*hj�>fiaB\�Zi\¢\�À�h.egfLeP^w�Qh Ág\_`Kfnh�Y[k

f : V −→ V ′
encQ`La�fiaQ^zf

∀u, v ∈ V, w ({u, v}) = w ({f (u) , f (v)}) .

�ge�Yl��Y[Zi§BaBh.`�o�h�Zi\(`Kfi\(o�}[ZL^~§QaQeP^~Zi\¢�jh��[\({Ph�en\Fo�\��QkQ\(oI�U��Zi\�§B�.^[`�hjkQ}wcBkQY[ZLo�\�Zi\(o�§Q^~h�ZLe]�d��Y[ZLo�\�Zi\(o�§Q^[hjZLe�m�hÐ� \[�
�U�*Zn\(§B�.^[`�h�kB}wfnaB\'`�cBZi�j�*�QZi^l`L�[\�fLe

{}
{Ph¿fia�§�^~Zi\�kdfnaB\_e�\_e

()
�

� pd»0�5���(�¼v���º 	 xzq�µ0s & ·_v�¸¹vQxWµ0s5�¼·(¸!�¹�]aB\��RcBkQ`KfihjYlk
f
hjkåfiaB\<o�\��QkQh¿fihjYlkQe�^~��Yz�[\�h�e�`(^~���j\_o�^C}[ZL^~§Qa

h�enY[��YlZn§BaQh�en�æ�RZnYl�
G
fnY

G′
YlZP��\�fg{�\(\�k

G
^[kQo

G′
�

ç¢xzvQµ$v�·_�R�(�¼v���º èRé
f ê.ëFìFí~înìLïBð�ê.ë�ñ~ò�ñ~îÐïBðUê.ëKòôóLõ�öÐ÷$õLõ�ø<öÐ÷$ñ¢í~înìLïBðUë G = (V, E) ìzø�ù G′ = (V ′, E′) ú0ö±ðQõ�ø

q�û��]aQ\FkdcQ�¡��\�ZPY~�0�[\(Z�fih�`�\(e�h.eP§BZi\(en\�Zi�[\(oDâ
|V | = |V ′|

�
�¥ûü�]aQ\FkdcQ�¡��\�ZPY~�0\(oB}[\(e]h.e]§BZi\(en\�Zi�[\_o7â

|E| = |E′|
�

rUû��]aQ\*o�\�}lZn\(\wY[���[\(Z�fih�`�\(e¢h.e¢§BZi\(en\�Zi�[\(oD�wXBYlZ'^~���
u ∈ V

mDYlkB\�aQ^[e
deg (u) = deg (f (u))

���Âk�fnaB\
`(^[en\¢Y~�Vo�hjZi\(`�fn\_o�}lZi^[§BaQe(mdYlkB\F^~�.e�Y�aQ^le

deg+ (u) = deg+ (f (u))
^~kQo

deg− (u) = deg− (f (u))
�

yVû<�Âk�{�\(hj}laB\(o�}[ZL^~§QaQePÄR�wcB�¿fih¿Ã�}[ZL^~§QaQeiá�m~fiaB\¦�wcB�¿fihj§Q�jh.`�hjfg�wY[�7�[\�Znfnh.`�\_eVh.e¥§BZi\(en\�Zi�[\_o�â5�RY[Z$^[�j�
u, v ∈ V

m
YlkB\FaQ^le

w ({u, v}) = w ({f (u) , f (v)})
�

pBû<¤V^~fnaQe�^~kQo<`�hjZL`�cQh¿fLe¦^~Zi\F§BZi\(en\�Zi�[\_o7â¥fiaB\¡h���^~}[\¡Y~�¥^�§Q^~fna½Ä�Zn\_e�§D� `�hjZL`�cQh¿fKá]hjk
G
h.e¦^*§Q^zfia½ÄRZi\(en§D�

`�hjZL`�cQh¿fKá�hjk
G′

{Phjfna<ei^~��\¢�j\(kB}~fiaD�
ý ûüXQY[Z¥^[kd�¡kdcQ�¡��\�Z

d ∈ N
m~fiaB\PkUcB�¡��\�ZVY[���l\�Znfnh.`�\(e0Y[�

G
{Ph¿fia�oB\�}[Zi\�\

d
h.e�fnaQ\¦en^[��\]^le�fnaB\PkUcB�w��\(Z

Y[���l\�Znfnh.`�\_e�Y[�
G′

{Ph¿fiaIoB\�}[Zi\�\
d
�¥�]aQ^zfPh.e�mQhjkI��^zfiaB\���^zfih�`(^~�7kBY[fi^~fnh�Y[kDâ

∀d ∈ N, |{v ∈ V | deg (v) = d}| = |{v′ ∈ V ′ | deg (v′) = d}| .
�]aQ\'en^[��\¢aBYl��oQe��RY[Z]fnaQ\Fhjk�Ã�^~kQo�Y[c�fnÃ$o�\�}lZn\(\(e�Y~�V^�o�h�Zn\_`Kfn\_o�}[ZL^~§BaD�

« �ÿþ�� % xzpUpU·[º
� pd»0�5���(�¼v���º��>��ä�ä

m
Ã�q�xW�<�(xWpUp��0£ k

m
ÃÂ^~Zi��fnZi\�\

T
hj�Q�RcB����h¿�3^~kQo¡Y[kB���Fhj��\(^l`La¡�l\�Znfn\�À'a�^[e��¦YlZ

m
`LaBh��.o�Zn\(kD�

� pd»0�5���(�¼v���º��wqQä�qB��r[pUy
xzvDv��(pUy
��xzpUp��*£ fnZi\�\
T
{Phjfna|aB\(hj}lalf*Ä¼o�\�§�fia�á

h
h.eF�Q^[��^[kQ`�\_o�hj��^[kQo�Y[kB���ühj�

\(^l`La���\(^z�0h.eP^zf ��\��[\(�
h
Y[Z

h − 1
�

� pd»0�5���(�¼v���º � v�¸9µ�ä¼pd�(p�xzvDvQ�_pUy
m
 q�xW�å�(xzpdp���£ªZnYUY[fn\(o

m
Ã�^[Zn�*fnZi\�\

T
h�e�`�Y[��§B��\�fi\Fh¿�¥^[kQo�Y[kB����hj�Vh¿f

h�e��RcQ�j�>^[kQoI^~���7�j\_^W�[\_e�^[Zn\F^~f�fiaB\'ei^~��\¢�j\(�[\��Ð�
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�54 pdxzr[�¼·(p76�º�¾>\�f

G
m
G′

^[kQo
G′′

��\F}[ZL^~§Ba�e�encQ`La�fnaQ^~f
G
h.e�h.enY[��Y[Zi§BaBh.`¦{Phjfna

G′
^[kQo

G′
h�e]h.e�Yl��Y[Zi§BaBh.`

{Ph¿fia
G′′
�¥¾D\�f

f1

ÄRZi\(en§D�
f2

á���\'^�}[ZL^~§Qa�h.e�Yl��Y[Zi§BaBh.e�� ��\�fg{�\�\(k
G
^~kQo

G′
Ä�Zn\_e�§>�

G′
^~kQo

G′′
áK�

q�ûü¤$ZnYz�l\�fiaQ^zf
G
h�e h�enY[��Y[Zi§BaBh.`�{Ph¿fia�hjfien\��j�g�

� v�ä��5�(��v��98 ¾>\�f
G = (V, E)

�F��f¢h�e�\(^le���fiY�enaBYz{ªfiaQ^zf�fnaB\�h.o�\�kdfnhjfg�I�RcBkQ`�fnh�Y[k
I : v ∈ V −→

v ∈ V
h.eP^�}[ZL^~§Ba�h�enY[��YlZn§BaQh�en�I�

�¥û<¤$ZnYz�l\�fiaQ^zf
G′

h�e]h.e�Yl��Y[Zi§BaBh.`¦{Phjfna
G
mB\l� }��0�d��e�aBYz{Ph�kB}�fna�^zf

f−1

1

h.eP^�}[ZL^~§Ba�h�enY[��YlZn§BaQh�en�I�
� v�ä��5�(��v��98�¾>\�f

G′ = (V ′, E′)
m
{u′, v′} ∈ E′

��\]^~k¡\_o�}[\�Y~�
G′
m
u = f−1

1 (u′)
^~kQo

v = f−1

1 (v′)
�

:���oB\��QkBhjfnh�Y[k�Y~�
f−1

1

m�Y[kB\�aQ^[e
u′ = f1 (u)

^~kQo
v′ = f1 (v)

��;Uh�kQ`�\
f1

h.e]^�}[ZL^~§Ba�h�enY[��Y[Zi§BaBh.en��m
YlkB\*aQ^le

{u, v} ∈ E ⇐⇒ {f1 (u) , f1 (v)} ∈ E′
^[kQo�fnaUcQe {

f−1

1 (u′) , f−1

1 (v′)
}

∈ E ⇐⇒

{u′, v′} ∈ E′
^~kQo�fnaUcQe

f−1

1

h�e ^[��enY�^�}[ZL^~§Ba�h�enY[��Y[Zi§BaBh.en���
rUûü¤$ZnYz�l\�fiaQ^zf

G
h�e h�enY[��Y[Zi§BaBh.`�{Ph¿fia

G′′
mB\l� }����U��enaBYz{Ph�kB}�fnaQ^~f

f2 ◦ f1

h.e ^�}[ZL^~§Ba�h�enY[��Y[Zi§BaBh.en���
� v�ä��5�(��v��98!¾D\�f

G′′ = (V ′′, E′′)
�(;�hjkQ`�\

f1

h.eD^~k¢h.e�Yl��Y[Zi§BaBh.e��Im
{u, v} ∈ E ⇐⇒ {f1 (u) , f1 (v)} ∈

E′ < enhj��h���^[Zn���[m {f1 (u) , f1 (v)} ∈ E′ ⇐⇒ {f2 (f1 (u)) , f2 (f1 (v))} ∈ E′′
m$enYüfiaQ^zf�h�kQo�\�\_o7m

{u, v} ∈ E ⇐⇒ {f2 (f1 (u)) , f2 (f1 (v))} ∈ E′′
^[kQo

f2 ◦ f1

h.eP^~k�h�enY[��YlZn§BaQh�en�I�
�54 pdxzr[�¼·(p � º¢¾D\�f

R
��\¢fiaB\FZn\(��^~fnh�Y[k�o�\��QkQ\(o�Y[k�§Q^~h�ZLe]Y~�0}[ZL^~§BaQe(�

R (G, G′) ≡ G
^~kQo

G′
^~Zi\¢h�enY[��YlZn§BaQh�`

.
q�û=;�aBYz{!fiaQ^zf

R
h�eP^[k�\_blcQhj�z^~��\�k�`�\¢Zn\(��^~fnh�Y[k|ÄR�lY[c���^W��{�^[klf]fiY�c�e�\FZi\(encB�jfie��RZiY[�?>VÀ7� « áK�

� v�ä��5�(��v��98@>VÀ�\(Zi`�h�en\ « ^zÃÂ`¦§QZnYz�l\[mdZn\_e�§�\(`�fnh��[\�����fnaQ^~f
R
h.e�Zn\�AQ\�À�h��[\lmUen�U����\�fnZih�`�^~kdf�fnZL^~kQenh¿fihj�l\[�

�¥û=B�YlkQenh�o�\(ZDfiaB\�þDC]}[ZL^~§Ba�e
A, B,

\�fi`$hjkwX5h�}[cQZn\]þ�� « ��E�e�h�kB} fiaB\$§QZnYl§�\(Z�fihj\_eD��h�e�fn\_oFhjk'fnaB\�FHGP\(��hjkQoB\�ZHI
en\(`�fnh�Y[kI^~��Yz�[\lmU�QkQoI^�e�c�J*`�hj\(klfPZi\(^le�Ylk*�RY[ZP{PaQh�`La
« á

A
h�e]kBY[f h�enY[��YlZn§BaQh�`¦fnY

B
�d�(�������(�������(�����������(�������(�����������(���

A
a�^[e'C��[\(Z�fih�`�\(e(mU{PaBhj��\

B
aQ^[eLKQ�

þlá
A
h�e]kBY[f h�enY[��YlZn§BaQh�`¦fnY

F
�~���(�����������(���

A
aQ^le�fg{�Y��[\(Z�fih�`�\(e�Y~�Vo�\(}[Zi\�\ « {PaQhj��\

F
aQ^le�fnaBZi\�\l�

Kdá
H
h.e]kBY~f h.enY[��Y[Zi§BaBh.` fiY

E
�_�����(�����

E
a�^[e�fnaQZn\(\��l\�Znfnh.`�\_e�Y[�0oB\�}[Zi\�\�Y[kQ\[mB{PaBh���\

H
aQ^le��RY[cBZ_�

rUû�¾>\�f
L
��\FfiaB\¡en\�f Y[��fiaB\wþDC�}[ZL^~§BaQe

A, B,
\�fL`¢hjküX�h�}[cBZi\¡þ�� « ��©CZih¿fi\FfnaQ\'\(bdcBh��z^~��\�kQ`�\'`��.^[eie�\_e]hjk

L
�RYlZ]fnaB\FZi\��.^zfihjYlk

R
�0�K� \l�0�QkQo�fnaQ\'e�cB��e�\�fiePY[�

L
fna�^zf¦`�Ylkdfi^~h�k�h�enY[��Y[Zi§BaBh.`�}[ZL^~§BaQe(�

� v�ä��5�(��v��98
{A, R}

m
{B}

m
{C, S, U}

m
{D}

m
{E}

m
{F}

m
{G, T, Y }

m
{H, K}

m
{I, J}

m
{L, V }

m
{M, W}

m
{N, Z}

m
{P}

m
{Q}

m
{X}

�
� v�¸¹¸¹v��½¸¹�¼·��_q���p�8$�RY[Zi}[\�f�fnaQ\'`��.^[eie�\_e�fnaQ^~f Y[kB���*aQ^W�l\�YlkB\¢\���\���\�kdf(�

�54 pdxzr[�¼·(p=MDºNGP\_`�^~���7fiaB\¡o�\��QkBhjfnh�Y[kQePY[�¥¨¦^~��h��¿fiY[kü^[kQoO>¥cB��\�Z�`�hjZL`�cQh¿fLe�m�Y~��fnaB\¡`�Y[��§B��\�fi\'}[ZL^~§Ba
Kn

^~k�o
Y~�5fnaB\'`�Y[��§B��\�fn\F�Qhj§Q^[Z�fih¿fi\¢}[ZL^~§Ba

Km,n

�
q�ûü©�Zih¿fi\¢fnaB\FkUcB�w��\(ZPY~�V¨¦^~��h��¿fiY[kI`�h�Zi`�cBhjfiePh�k

Kn

^leP^¡�RcQkQ`KfihjYlk�Y[�
n
�

� v�ä��5�(��v��98�£ª¨�^~��hj�jfnYlk<`�h�Zi`�cBh¿fPh�k
Kn

��^W��fiZi^W�l\�ZLe�\�\(^l`La�Y[�>fiaB\F�[\(Z�fih�`�\(e]h�kI^[kU�*Y[ZLo�\�Z_�P;Uh�kQ`�\
fiaB\�Zi\'^~Zi\

n!
§�\(Zn�wc�fi^~fnh�Y[kQe]Y[�

{1, . . . , n}
m�fnaB\(Zn\F^[Zn\

n!
¨¦^[��hj�jfnYlkI`�hjZL`�cQh¿fLe]hjk

Kn

�
£¦kBY~fiaB\�Zw�z^~��h�o9^[kQe�{�\�Z¡h�e

(n − 1)!
m0{PaBh.`La9h�eFfnaB\�kdcQ�¡��\�Z¡Y[�]oBh�e�fnh�kQ`Kf�§Q^zfiaQe(m�hj�PY[kB\�`�Y[k�e�h.o�\�ZLe

fiaQ^zfPfg{�Y�§Q^zfiaQeP^~Zi\'Fg\_bdcQ^~�QI � h¿��fnaB\(��YlkB�j��o�hQR3\�Z¦�d�*fnaB\(hjZ¦e�fi^[Z�fihjkQ}w§�Y[h�kdfie(�
�¥ûüXQY[ZP{PaQ^~f �z^~��cB\(e]Y[�

m, n
oBYd\_e

Km,n

aQ^W�l\�^[kS>$cB�j\(Z¦`�h�ZL`�cBhjfUT
� v�ä��5�(��v��98

Km,n

aQ^[e ^[kV>¥cB��\�Z¦`�hjZL`�cBhjf hWRC\(^l`LaI�[\�Znfn\�À�aQ^leP\��l\�kIo�\�}lZn\(\[mBhÐ� \l�$hWR
m
^[kQo

n
^[Zn\

��Y~fiaI\��[\(kD�
rUû�XQY[ZP{PaQ^~f �z^~��cB\(e]Y[�

m, n
oBYd\_e

Km,n

aQ^W�l\�^�¨�^~��hj�jfnYlk<`�h�Zi`�cBh¿fXT
� v�ä��5�(��v��98 XBYlZ

m = n
�$¾>\�f

V1 = {u1, . . . , um}
^[kQo

V2 = {v1, . . . , vn}
��\FfnaQ\¢fg{�Y!F�§Q^~Znfnh�\(eYI

Y[�7�[\�Znfnh.`�\_e0Y~�
Km,n

��£¶`�h�Zi`�cBh¿f�hjk
Km,n

h�e$Y~��fnaB\P�RYlZn�
(ui1 , vj1 , ui2 , . . . , uiL

, vjL
, ui1)

^[kQowfnaUcQe
§�^[eie�\_e$fiaBZiY[cB}la�^[e���^~kU�

ui

eP^[e
vi

e���;Uh�kQ`�\[m�h�k�^�¨¦^[��h��jfnY[k�`�h�Zi`�cBhjf(mB^~����fnaB\�fiZi^W�l\�ZLe�\_o
ui

^~k�o
vi�wcQe�f ��\'o�h.e�fnh�kQ`Kf¦^[kQo��¡cQe�f `�Yz�[\(Z

V1

^[kQo
V2

mBY[kB\¢aQ^le
L = m = n

^[kQo�fnaUcQe
m = n

�

� /#Z�[]\ ^X_U`baYcedgfihWjXk*lmjXnLaoaHZ�[]\ ^U_U`baHcqpHa�kraH`s_
dt\bjXc�dtui_
dopYjX[]`bvwui_Y^eaPxyaYaYczlt{yaYpY\ |iaYv~}
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