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¢ ��£�¤H¥�¦¨§;©+¤9ª;«
¢ � ¢ � 	 oqh�¬�j­xz®Vm�¯°m�oN¬�j�xz®V¯°®c±
� g[²&}+xzy7x³m�}�±�´�®Vm�¯µmHoN¬&j+x³i�~�oNh9¬�j�\w��¶4S�]

G = (V, E)
UubHf

G′ = (V ′, E′)
��S�\e_����H�aS�tRQCUu�HXH\w�

G
URbHf

G′UuQ`S�\`Uu_$f�]eP���S=_�\ePR��PRQ`�9X9_$W�_·�MUubHf�Pcb9�a��_·�MUubHf�PRbH�a��_a��]eX9S7QeS=Sw¸L_$\v]`\GU��9_ ¹^S7WB]`_aPcb
f : V −→ V ′

\vZ�WCX�]`XHUq]
∀u, v ∈ V, {u, v} ∈ E ⇐⇒ {f (u) , f (v)} ∈ E ′.

�TX9_$\�f�S���b9_·]`_aPcb/_�\��NUR�a_$f:�IPRQ�tcQ`UR�9XH\�rG_a]eX/��PLPR�H\�]`P[P����ºb�]eXHS�WwUc\vS�PR���nZ9�·]`_·»�tRQCUu�HXH\�¼zUc\�f�S���b9S7f�_�bs]eX9S
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f�S���b9_·]`_aPcb;Ú
� g[²&}+xzy7x³m�}�±=´�®7m�¯°m�oN¬�j�xzi2kng[x³~�j�gLp&ÛH¯�{+Üzy7x¨Ý�~�oqh�¬&j+®c��¶;Sw]

G = (V, E, w)
UubHf

G′ = (V ′, E′, w)
��S

��Z9�a]e_a»�tRQCUu�9XH\7�
G
URbHf

G′
URQeS=\`Uu_$f�]`P���S=_$\vPc��PcQe�HX9_�W�_a�&URbHf�Pcb9����_·�MUubHf�PRbH�a��_a�4]`X9SwQ`S�S�¸�_$\^]C\GUn�H_ ¹^SVWB]e_�PRb

f : V −→ V ′
\eZHWCX�]`XHUq]

∀u, v ∈ V, w ({u, v}) = w ({f (u) , f (v)}) .
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�L��QeS7�9�$URW�_�b9tn]eX9S�WwZ9Q`�a���HQ`UcWC�RS�]C\
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rG_·]`X���UuQ`Swb[]eX9SV\vSV\
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� g[²&}+xzy7x³m�}�± 	 oqh�¬&jÞ´�®Vm�¯°mHoN¬&j+x³®7¯ß�°�TX9S��IZ9bHWB]`_aPcb
f
_abà]`X9S2f�S��HbH_·]`_aPcbH\�Uu��Pq�RS�_�\�W7Uu���aSVf�U:tRQCUu�HX

_�\ePR��PcQe�9XH_�\e�á�IQePc�
G
]eP

G′
PcQG��Sw]^r�S7Swb

G
URbHf

G′
�

â�oqmH¬ãm�®VxIy7x³m�}�±�äIå
f æ$ç=è=éuêeèCë9ì�æ$çwíuî�íuêÈë9ìLæ$çBîðïCñ�òÈóãñCñ�ô2òÈóãí�éuêeèCë9ìLç G = (V, E) èqô�õ G′ = (V ′, E′) ö&ò¨ìHñ�ô

h�÷��TXHS=b[ZH����SwQGPu�&�RS7Qv]`_�WwS7\�_$\G�9Q`S7\eSwQ`�RS7f;Ú
|V | = |V ′|

�
��÷ø�TXHS=b[ZH����SwQGPu�&S7f9tRS7\T_$\T�9Q`S7\eSwQ`�RSVf-Ú

|E| = |E′|
�

iL÷��TXHS�f�SwtcQeS7SnPR���RS7Qv]`_�WwS7\�_$\��9Q`S7\eSwQ`�RS7f;�nO9PcQ�Uu���
u ∈ V

d;Pcb9S�XHUR\
deg (u) = deg (f (u))

���ºb�]eX9S
W7UR\eS�Pu�Mf�_aQ`S7W�]eSVf�tcQ`UR�9XH\7d[Pcb9S=Uu�$\vP�XHUc\

deg+ (u) = deg+ (f (u))
UubHf

deg− (u) = deg− (f (u))
�

pM÷2�ºb�r�S7_atcX9S7f�tRQCUu�HXH\G¼I�nZ9�·]`_·»�tRQCUu�HXH\`Ù�du]`X9S��nZ9�·]`_a�H�a_$W�_a]^�nPR�-�RSwQe]e_$W�SV\M_$\��9Q`S7\eSwQ`�RSVf�Ú+�IPRQãUR�a�
u, v ∈ V

d
Pcb9S=XHUc\

w ({u, v}) = w ({f (u) , f (v)})
�

g9÷2�MUu]eXH\�UubHf2Ww_aQCW�ZH_·]C\�UuQ`S=�9Q`S7\eSwQ`�RSVf-Ú�]`X9S�_���UutRS�Pu��U��HUu]eXµ¼zQeSV\v�;��Ww_aQCW�ZH_·]BÙT_ab
G
_$\�U��HUq]`Xµ¼IQ`S7\e�;�

Ww_aQCW�ZH_·]BÙ�_ab
G′
rG_a]eX2\`Uu��S��aS7b9tu]`X;�

ù ÷øOHPRQ�URb[��b[ZH����SwQ
d ∈ N
du]`X9SGbLZ9����SwQMPR���cSwQe]e_$W�S7\&PR�

G
rG_·]`X�f9SwtRQ`SwS

d
_$\�]eXHS�\eUR��STUc\�]eX9SGbLZ9�n��S7Q

PR���cSwQe]e_$W�SV\�PR�
G′
rG_·]`X@f9SwtRQ`SwS

d
���TXHUq]G_$\wdH_ab@��Uq]`X9Sw��Uq]`_�W7Uu�-b9PR]`Uu]e_�PRb;Ú

∀d ∈ N, |{v ∈ V | deg (v) = d}| = |{v′ ∈ V ′ | deg (v′) = d}| .
�TXHS�\eUR��S�X9Pc��fH\��IPRQT]eXHS=_ab�»�UubHf�PRZ�]e»ãf�SwtcQeS7S7\�Pu�MU�f�_�QeSVWB]eSVf�tRQCUu�9X;�

¢ �ûú��TüãoqgLgL®R±
� g[²&}+xzy7x³m�}�±ãý4{�ÜzÜ

m
»�h�oN|2y7oNgLg��&��b

m
»ºUuQ`��]eQ`SwS

T
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m
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T
rG_a]eXsX9S7_atcXc]�¼³f�Sw��]`X�Ù

h
_$\=�HUR��URbHW�SVf�_a��URbHf�PRb9���ø_a�

S7UcWCX���S7Uq�&_$\GUq]���Sw�RS7�
h
PRQ

h − 1
�

� g[²&}+xzy7x³m�}�± � m�¯/¬�Ü³g[y7g�oqm;mHyVgLp
m
ÝCh�oN|ày7oqg[g����¡QePLPR]eS7f

m
»�URQe��]eQ`SwS

T
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�TX9SV\vS=f�QCUNrG_abHtc\�Pu��tRQCUu�9XH\GWwPRZ9�$f���S=Q`Sw�9Q`S7\eSwb[]`S7f��L��]eX9S�r�Sw_�tRX9SVf��H\eSwZ�f�Pu»�tRQCUu�9X�\wÚ

• A
Ú
!MS7Qv]`_�WwS7\7Ú

V = {1, . . . , 5}
d-SR� tH��bLZ9�n��S7QeSVf@]ePc�ø]eP���PR]v]`PR� Uub�fø��S��¨]�]eP�Qe_�tRX[]7�#"ãf�tcS7\7Ú

E = {{1, 2} , {1, 3} , {2, 3} , {2, 4} , {3, 5}}
�%$2Z9�a]e_��9��_�Ww_·]^�)Ú

w (e) = 1
�IPcQ�Uu���-S7f�tcS

e
�

• B
Ú
V = {1, 2, 3}

�
E = {{1, 2} , {2, 3}}

�
w (e) = 2

�IPRQ�UR�a�-SVf�tRS
e
�

• C
Ú
V = {1, 2}

�
E = {{1, 2}}

�
w (e) = 1

�IPcQ�Uu���-S7f�tcS
e
�

• D
Ú
V = {1, 2}

�
E = {{1, 2}}

�
w (e) = 2

�IPRQ�UR�a�-SVf�tRS
e
�

•
Sw]`Wu�����
&�PR]e_$W�S�SR� tH��]`XHUq]

C
UubHf

D
f�_('�S7Q�PRb9�����L��]`X9S=��Z9�a]e_��9��_�Ww_·]^��Pu��]eX9S7_aQGSVf�tRSc�
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��9 g[oqiRx³®7g�:�±�¶4S�]

G
d
G′
URbHf

G′′
��S=tRQCUu�9X�\�\eZHWCX�]eXHUu]

G
_$\�_$\ePR��PRQ`�9X9_$W�rG_a]eX

G′
URbHf

G′
_�\T_$\vPc��PRQ`�9X9_$W

rG_·]`X
G′′
��¶;Sw]

f1

¼IQ`S7\e�;�
f2

Ù���S�U�tRQCUu�HX�_$\vPc��PRQ`�9X9_$\v� ��S�]^r�SwS7b
G
UubHf

G′
¼zQeSV\v�4�

G′
UubHf

G′′
ÙB�

h�÷ø�ãQePq�cS�]`XHUq]
G
_�\�_�\ePR��PRQ`�9X9_$W�rG_·]`X�_a]`\eSw�a�^�

��÷2�ãQePq�cS�]`XHUq]
G′
_�\T_$\vPc��PRQ`�9X9_$W�rG_a]eX

G
d9Sc� t��&�[��\vX9PqrG_�b9t�]eX�Uq]

f−1

1

_$\GU�tRQCUu�9X�_�\ePR��PcQe�9XH_�\e�@�
iL÷ø�ãQePq�cS�]`XHUq]

G
_�\�_�\ePR��PRQ`�9X9_$W�rG_·]`X

G′′
d9Sc� t����L��\eX9PqrG_�b9t�]eXHUu]

f1 ◦ f2

_$\�U�tRQCUu�9X�_�\ePR��PRQ`�9X9_$\e���

��9 g[oqiRx³®7g � ±�¶;S�]
R
��S�]`X9S=QeS7��Uu]e_�PRb�f�S��HbHS7f�PRb��HUu_�QC\TPu�&tRQCUu�9XH\7�

R (G, G′) ≡ G
UubHf

G′
UuQ`S�_�\ePR��PcQe�9XH_�W

.
h�÷<;�X9Pqrß]`XHUq]

R
_�\GURb�SVYcZH_a�qUu��Swb�W�S�QeS7��Uu]e_�PRbs¼I�cPRZ���UN��r�URbc]T]`P�Z�\vS=Q`S7\eZ9�a]`\��IQ`PR�="M¸-� ¢ ÙB�

��÷<>�PcbH\e_�f�S7Q;]`X9S�ú@?TtRQCUu�9X�\
A, B,
S�]`Wã_abnO+_�tRZHQeSTú�� ¢ �-A�\v_�b9t�]`X9Sã�HQePc��S7Qv]`_aSV\;��_�\v]eSVf=_ab�]eX9SCBEDGS7��_abHf9SwQEF

\eS7W�]e_�PRb@Uu��Pq�RScdL�HbHf@U�\vZ�G�Ww_aS7bc]GQ`S7Uc\vPcb��IPRQGrGXH_�WCX
¢ Ù

A
_�\Tb9PR]�_�\ePR��PcQe�9XH_�W�]eP

B
�

úcÙ
A
_�\Tb9PR]�_�\ePR��PcQe�9XH_�W�]eP

F
�

H Ù
H
_$\Tb9Pu]�_$\ePR��PRQ`�9X9_$W�]`P

E
�

iL÷�¶4S�]
L
��S=]`X9S�\eS�]�PR��]`X9Snú@?�tRQCUu�9XH\

A, B,
S�]CW�_abøO�_�tRZ9Q`S�ú�� ¢ �� :Q`_·]`S=]eXHS�S7Y[Z9_��qUu��SwbHWwS�W��$UR\`\vSV\T_ab

L
�IPcQT]eX9S=Q`Sw�$Uq]`_aPcb

R
�&�B� Sc�&�HbHf�]eXHS�\vZ9��\vSw]`\GPR�

L
]eX�Uq]�W�Pcb[]`Uu_�b�_�\ePR��PRQ`�9X9_$W�tRQCUu�9XH\7�

��9 g[oqiRx³®7g<I;±JDGSVWwUu���-]`X9S�f�Sw�Hb9_a]e_�PRbH\GPR����Uu��_��·]`PRbøURbHfK"�Z9��SwQ�Ww_aQCW�ZH_·]C\wd�Pu��]eX9S�WwPR���9��S�]`S�tRQCUu�9X
Kn

Uub�f
Pu�+]eX9S�WwPR���9��S�]eS=�H_a�HURQv]`_·]`S�tRQCUu�9X

Km,n

�
h�÷ø �Q`_·]`S�]eX9S=bLZ9�n��S7QGPu�M��Uu��_��·]`PRb@W�_�Q`WwZ9_a]`\G_�b

Kn

Uc\GU��IZHbHWB]`_aPcb�PR�
n
�

��÷øOHPRQGrGXHUu]��qUu��Z9S7\TPR�
m, n
f9P[SV\

Km,n

XHUN�cS�URbL"ãZ9�aS7Q�W�_�QCW�Z9_a]NM
iL÷�OHPRQGrGXHUu]��qUu��Z9S7\TPR�

m, n
f9P[SV\

Km,n

XHUN�cS�U���Uu��_a�a]ePcb2W�_�Q`WwZ9_·]OM
��9 g[oqiRx³®7gQP+±J;LPR���RS#"M¸�SwQCW�_$\vSV\�úSR�Uub�f H þnPR�+�;��TSU HLV�¢XW �
h�÷���Pqr­��UubL���cSwQe]e_$W�SV\GUubHf�X9Pqr­��URb[���aSVUN�RS7\Tf�PLSV\GU�WwPR���9��S�]`S

m
»ºUuQ`��]eQ`SwS�Pu�&X9S7_atcXc]

h
XHUN�cSYM

��÷Z;�X9Pqrß]`XHUq]�Un�IZ9���
m
»�URQe����Uu�$UubL�RSVf�]eQ`SwS�PR��X9S7_atcX[]

h
X�UR\T��PRQ`S�]eXHURb

mh−1
��S7UN�RSV\w�
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