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\^]`_0aHbdcOe�fhg^a(ikjmln]doIph_qa(bdrtsZu^v[wyx{zK|~}���l�jqetjme^a��d_qa(b~jqa(ikj0c�bd_ma�bdoKrtx��V�(w�z��)��w>�.|[|[�I�����)�B���I�d]`gteKb[�da�r�]`g^��jOi
bd��]`g�j���eKb�j�lni�bdim�daHr>p���z��Bu^vH��jm]�jme^a2��]d_Or�lno^��]��Bjqe^a{fhg^aHi�jql�]`o+g^ohjmln�)jqe^a2�ta(bdo^l�oK��]��8jqe^a&fhg^a(ikjmln]do+l6i�c���aHb�_H�
 Ue^a(o�jq_m��jm]�¡KoKr#bdo�bdoKik��a�_H�B�����`]dg��da¢j�ikjmg�cO��p^r^]doI£ j�e^a(iml�jqb~jqa�jm]�vdz��;�(uKv��2�`]dg^_� ¤� ¥2�^]`_���a`�
¦§�na(b`ika���_ml�jma��d]`g^_UikaHcSjmln]do�oZg^�&��a�_U]do��d]`g^_¨eK]d�ta���]d_q��bdi¨�¨a(���>bdiUb{_m]`g^�de�a(ikjmln�tb�jma�]��Ijqe^a�jmln�ta��`]dg�im©�a�ohj

im]d�n�Zl�o^��l�j(�

ª ��«2¬^­�®°¯)±)¬^²8³2´;µ.¶�·.®°¯.¸¹²>¬�º�»)²>²>¬^¯)º�¬�²>¬K¶d¼Z½>®Vµ)¯.¾
�¿o�]d_Or�a�_�jq]�ik]`���`a�jqe^a$��lno^aHb�_�e^]`��]`�da(o^a�]`gKi�_maHc¢g^_q_ma(oKc¢a�_qa��6b~jmln]do�]��8r�a��`_ma(a�j���]
À ª � ªHÁ

xn = c1xn−1 + c2xn−2,
�`]dg�¡�_qikj�¡KoKr�jmeKa2ik]`��g�jql�]`oKi

r1

bdoKr
r2

]���jmeKa2cOeKb�_Obdc¢jma�_ql6i�jqlnc�©�]`���Zo^]`��l6b��Âp

r2 − c1r − c2 = 0.
 .�¨]tc�b`ikaHiUa¢Ã�l6i�jHÄ

u�Å
r1 6= r2

�§ Ue^a�o)pKb��n�;jme^a2im]d�ng�jql�]`oKi�jm]�Æ0f�� À ª � ªHÁ jqbd�da�jmeKa¤�V]d_q�

xn = α1r
n

1 + α2r
n

2 ,
��e^a�_qa

α1

bdoKr
α2

bd_ma�]d�^jqb�lno^aHr��V_q]d�Çjme^a$lno^l�jml6b��Ic¢]`oKr�l�jmln]doKi(p^�Z��im]d�n�Zl�o^�{jmeKa$a(fhgKb~jql�]`oKi
{

α1 + α2 = x0

r1α1 + r2α2 = x1.
�8Å

r1 = r2

�§ Ue^a�o)pKb��n�;jme^a2im]d�ng�jql�]`oKi�jm]�Æ0f�� À ª � ªHÁ jqbd�da�jmeKa¤�V]d_q�

xn = (α + βn) rn

1 ,
��e^a�_qa

α
b�o�r

β
bd_ma�]d��jOb�lno^a(r��V_q]d�Èjqe^a$lno^l�jqlnbd�Ic¢]`oKr�l�jmln]doKi(p^�Z��im]d�n�hlno^�{jme^a$aHfhgKb~jql�]`oKi

{

α = x0

r1α + r2β = x1.

É ��Ê�Ë)¬K²�º�®V¾(¬K¾tµ)Ì+Ítµ)­�¬ZÎtµ.²>ÏÑÐ
��Ò sh|[v`��ÓHsWÔ�Õ2ÖZ]`���`a¤Æ8Ã�a�_Oc¢l6ika$×t©I�^Ø É�Ù ]��UÚ ª¢Û �0¥Ü�t]�r�a��>�V]`_�jmeKa$ohgK�&��a�_�]d���n]d�Kikjma(_qi�c(b�g^�`ehjU©�a�_��da(bd_�lni��Kbdima(r
]`o+jme^atbdiqimg^�t©�jmln]do+jqeKb~j�jmeKa{oZg^�{��a(_�]d�§��]`�Kikjma�_Oi�c�b�gK�dehj�lno�b��da(bd_�l6i�jme^atb[�da(_qbd�da$]��0jme^a�oZg^�&��a�_¤c�bdg^�dehj�lno
jqe^a�j��¨]t©^_qa��Zln]dgKiU�`a(b�_Oi(�

u�Å�\�l�oKr�bt_maHc¢g^_q_ma(oKc¢a$_qa��6b~jql�]`o��V]`_
{Ln}

p���e^a�_qa
Ln

l6i�jmeKa2oZg^�&��a�_�]��8��]`�Kikjma�_Oi�c(b�g^�`e`j�lno+�daHb�_
n
p�g^oKr�a(_

jme^a2b`imimg^�t©�jql�]`o��V]`_Ujme^l6i��t]�r�a��Â�
� z�Ý��.�(�Þz��¨ß

À ª � ªHÁ
Ln =

1

2
(Ln−1 + Ln−2) =

1

2
Ln−1 +

1

2
Ln−2

�
à



á�â�ãqämå�æ>ç�è�é>ê�éWë>ìIíUêZî&ì>ç�ïyä�ð.ñ�çKì�ò;ó°â�ó6ìIô�è;õ�â(ì>õ�ö;÷Kó°ì>ô ã

�8Å�\�l�oKr
Ln

l��
100, 000

�n]d��i�jqa�_Oi�b�_qa¤c(b�g^�`ehj�lno#�da(bd_ ª bdoKr
300, 000

��a�_qa¤c(b�g^�`ehjUlno#�daHb�_ É �
� z�Ý��.�(�Þz��¨ß0 Ue^a�cOeKb�_Obdc¢jma�_ql6i�jqlnc�©�]d�n�hoK]d�tlnbd�

r2 − r/2−1/2 = (r − 1) (r + 1/2)
eKb`i8j���]&r�l6i�jql�oKc¢j¨_q]Z]�jqi

r1 = 1
b�oKr

r2 = −1/2
��ø�_ql�jql�oK�

Ln = α1r
n

1 + α2r
n

2

pZjme^a$lno^l�jml6b��)c�]doKr^l�jql�]`oKi�b�_qa
{

1e5 = α1r
1
1 + α2r

1
2 = α1 − α2/2

3e5 = α1r
2
1 + α2r

2
2 = α1 + α2/4,

��e^l6cOe��Zlna��6r
α1 = 7

3
1e5

b�o�r
α2 = 8

3
1e5

p^ik]{jmeKb�j

À ª � ÉdÁ
Ln = 1e5

(

7

3
+

8

3

(

−
1

2

)

n
)

' 23, 333 + 26, 667

(

−
1

2

)

n

.

ù§]dg���b[��bd�nim]+��bdohj$jm]DcOe^aHcO�+jmeKb�j&Æ0f�� À ª � ªHÁ �Zlna��6r^i
L3 = 200, 000

p
L4 = 250, 000

p
L5 = 225, 000b�oKr�jqeKb~j�Æ0f�� À ª � É`Á �Zl�a(�nrKi

L3 = 1e5
(

7

3
+ 8

3

(

−1

8

))

= 200, 000
p
L4 = 1e5

(

7

3
+ 8

3

(

1

16

))

= 1e5
(

15

6

)

=

250, 000
b�o�r

L4 = 1e5
(

7

3
+ 8

3

(

−1

32

))

= 1e5
(

27

12

)

= 225, 000
jq]Z]K�

� z�úyúûz���úy�ÞÓ��Hu���s�ß¨o^]�j�o^]djml6c¢a�jmeKb�j�jqe^a¤l�oKl�jqlnbd�Ic¢]do�r�l�jql�]`oKiUb�_qa
L1

bdoKr
L2

_qb�jme^a(_0jqeKb�o
L0

b�oKr
L1

�

��Ò sh|[v`��ÓHs � Õ�ÖZ]d�ta���e�b~j§�nl��`a�Æ8Ã�a�_Oc¢l6ika�Ø2©I�BØ`üZý�]d�8Ú ª�Û Ä�Æ§�da(_m�tr^b[��b~j0o^]Z]`oIphb2©�]`©^g^�6b~jmln]do�c�a�oKimgKi8]d�Ib�o�b�©Ke^lnr à
c�]d�n]doZ��l6i¤r�]do^a`��Æ§�`a�_q�+b~�°jma(_moK]h]`oIp�a(bdcOeDbd©^e^l6rD��a(bd_qi�j��¨]�]�þ>ik©^_qlno^�`i(��Æ§�`a�_q���t]`_mo^lno^��p�bd���Bb�©^eKlnr^i�]d�6r�a(_�jme�b�o
É Ø�eK]dg^_Oi$r�lnad�Dÿ�o�jqe^at¡K_Oi�j&rKb[��b~j2oK]h]`oIp.jme^a�c�]d�n]doZ�DeKb`r���g�i�j Ù�� �d]`g^o^�+b�©^eKlnr^i$jmeKb�j2eKbdrW��a�a(o@��]d_qo@jmeKb�j
�t]d_qo^lno^�K�

u�Å��¨]d�t©^g�jqa¤jme^a$©�]d©Kg^�nb�jmln]do�]���jme^a2bd©^e^l6r�c�]d�n]doZ��]do�jqe^a É oKrIp Ù _Or>p�Ø�jqe#bdoKr��[jme#r^b[��b�j�o^]Z]doI�
� z�Ý��.�(�Þz��¨ß

 ÓHÓ(��úy�Þ�.���(w�sD�����V�H��u^Ý¨u	��w���}�Ótx&sh|~s+�0z�|~� �Þ� �(w�sDúyz�|[�������WÄ
ªHÁ

60
bd©^e^l6r^i�b�_qa$��]d_qo+l�o#jqe^a&b~�°jqa�_qo^]Z]do#]��§r^b[� ª p Ù
� r�lna2]do#jqe^a2�t]d_qo^lno^��]��§r^b[� É À imlnoKc¢a`p�r�g^_qlno^�

jme^a$�t]`_mo^lno^��pZjme^a(��_qa(bdcOe É Øte^]`g^_qi�]d�Bbd�da Á p^ik]�b�jUoK]h]`o�]d�BrKb[� É pZjqe^a�_qa$b�_qa
x2 = 60

bd©^e^l6r^i(�
ÉdÁ�ªHÉ
� bd©^e^l6r^i�bd_ma¤��]d_qo�lno#jme^a2b��°jma(_mo^]Z]`o�]d�Br^b[� É pKü � À jme^]hika$��]d_qo�]do+r^b[� ª[Á r�l�a$]`o�jme^a$�t]d_qo^lno^�
]��8r^b[� Ù pKim]�b~j�o^]Z]do�]��8r^b[� Ù pZjme^a(_ma$b�_qa

x3 = 120
b�©^eKlnr^i(�

Ù`Á�É Ø � b�©Ke^lnrKi¨bd_ma���]`_mo�l�o�jme^a¤b~�°jqa�_qo^]Z]do�]d�)r^b[� Ù p ªHÉ
� À jqe^]`ima���]d_qo�]`o�r^b[� ÉdÁ r�lna�]`o�jmeKa��t]d_qo^lno^�
]��8r^b[��Ø#pKim]�b~j�o^]Z]do�]��8r^b[��Ø�pZjme^a(_ma$b�_qa

x4 = 240
b�©^eKlnr^i(�

Ø Á Ø`× � b�©Ke^lnrKi¨bd_ma���]`_mo�l�o�jme^a¤b~�°jqa�_qo^]Z]do�]d�)r^b[�tØKp É Ø � À jqe^]`ima���]d_qo�]`o�r^b[� Ù`Á r�lna�]`o�jmeKa��t]d_qo^lno^�
]��8r^b[����pKim]�b~j�o^]Z]do�]��8r^b[���^pZjme^a(_ma$b�_qa

x5 = 480
b�©^eKlnr^i(�


 ÓHÓ(��úy�Þ�.���(w�sD�����V�H��u^Ý�u	�Bw.�Þ}.Ó�x&sh|~s+�0z�|~� u^���.zIz��¨ß
ªHÁ

60
bd©^e^l6r^i�b�_qa$��]d_qo+l�o#jqe^a&b~�°jqa�_qo^]Z]do+]d�8rKb[� ª p�o^]doKa2r�l�a&]do#jmeKa&�t]d_qo^lno^��]��8r^b[� É p�im]�b~j�o^]Z]do

]��8r^b[� É pZjme^a(_ma$b�_qa
x2 = 90

b�©^eKlnr^i(�
ÉdÁ�ª × � bd©^e^l6r^i�bd_ma¤��]d_qo�lno#jme^a2b��°jma(_mo^]Z]`o�]d�Br^b[� É p
� � À jme^]hika$��]d_qo�]do+r^b[� ª[Á r�l�a$]`o�jme^a$�t]d_qo^lno^�
]��8r^b[� Ù p^ik]�b~j�o^]Z]`o�]d��r^b[� Ù pZjmeKa�_qa¤bd_ma

x3 = 180
bd©^e^l6r^i(�

Ù`Á�Ù ü � b�©Ke^lnrKi¨bd_ma���]`_mo�l�o�jme^a¤b~�°jqa�_qo^]Z]do�]d�)r^b[� Ù p ª × � À jqe^]`ima���]d_qo�]`o�r^b[� ÉdÁ r�lna�]`o�jmeKa��t]d_qo^lno^�
]��8r^b[��Ø�p^ik]�b~j�o^]Z]`o�]d��r^b[��ØKpZjmeKa�_qa¤bd_ma

x4 = 360
bd©^e^l6r^i(�

Ø Á ý É
� b�©Ke^lnrKi¨bd_ma���]`_mo�l�o�jme^a¤b~�°jqa�_qo^]Z]do�]d�)r^b[�tØKp Ù ü � À jqe^]`ima���]d_qo�]`o�r^b[� Ù`Á r�lna�]`o�jmeKa��t]d_qo^lno^�
]��8r^b[���^p^ik]�b~j�o^]Z]`o�]d��r^b[����pZjmeKa�_qa¤bd_ma

x5 = 720
bd©^e^l6r^i(�

�8ÅDø�_ql�jma2b�_maHc¢g^_q_qa�oKc�a�_qa��6b~jql�]`o�r�aHimc�_mln�^lno^�{jme^a$oZg^�{��a(_�]��8b�©^e^l6r^iUlno�jme^a2c�]d�n]doZ��]do+r^b[�
n
�

� z�Ý��.�(�Þz��¨ß�ÿ�oWb��n�§r^b[��i�p>a�Ã^c¢a�©^j�jqe^a É oKrIp>jme^a�oZg^�{��a(_¤]��¨�Kl�_mjmeKi¤lno@jme^a�b��°jma�_qo^]Z]do�]��Ur^b[�
n
l6i

2xn �jme^a2bd©^e^l6r^iUjqeKb~j�_qa(b`cOe É Øte^]`g^_Oi�b�oKr�r�lna$l�o�jmeKa¤�V]d�n��]~��lno^�t�t]d_qo^l�oK�tbd_ma�jmeK]`ima¤jmeKb�j��¨a(_ma���]`_mo#]`o�jqe^a
b~�°jqa�_qo^]Z]do�]��8r^b[�

n − 1
p^bdoKr�jme^a(��oZg^�&��a�_

2xn−1

�¨ÿ�oKa¤jmeZgKiUeKb`i

xn+1 = xn + 2xn − 2xn−1,
lÞ� ad�

xn = 3xn−1 − 2xn−2.� z�úyúûz�� úy��Ó(�(u^��s�ß���_ml�jma`pK��l�jmeDoK]�a¢Ã�©^�6b�oKb�jmln]doIp
xn = 2xn−1

pK��eKlncOeDr�]ZaHi�o^]dj�c¢]`_m_qa(im©�]`oKr�jm]�jqe^a
�t]Zr^a��Â�

à :��������������������! "��#�#$�����&%('()+*
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vhÅ@ÖZ]d�n�da�jqe^lni�_maHc¢g^_q_ma(oKc¢a�_qa��6b~jmln]do�jm]��`l��`a�b{�V]d_q�&gK�nb{�V]d_Ujqe^a$©�]d©^g^�6b~jql�]`o�]`o+r^b[�
n
�

� z�Ý��.�(�Þz��¨ß¨ UeKa2cOeKb�_Obdc¢jma�_ql6i�jqlnc�©�]`���Zo^]`��l6b��>l6i
r2 − 3r + 2

p���eKlncOe#eKb`iU_m]Z]�jOi
r1 = 2

b�oKr
r2 = 1

�

 ÓHÓ(��úy�Þ�.���(w�sD�����V�H��u^Ý¨u	��w���}�Ótx&sh|~s#�0z�|[� �Þ� �(w�sDúyz�|[�������WÄ§ Ue^a¤_qa(c¢gK_m_qa�oKc�a�_qa��6b~jql�]`o�eK]d�6r^i

�V_m]`�ÈjmeKa2i�jOb�_mj(p^b�o�r�]`o^a$c�bdo�gKima¤jmeKa$l�o^l�jml6b��Ic�]doKr^l�jql�]`oKi
x1 = 30

p
x2 = 60

jm]t]d�^jqb�lno

xn = 30 · 2n−1
�V]d_

n ≥ 1.

 ÓHÓ(��úy�Þ�.���Hw.s��Þ�.���(�Þu^Ý�u	�Bw.�Þ}.Ó�x&sh|~sW�0z�|[�
u��#�.z)z�� Ä� Ue^a{_maHc¢g^_q_qa�oKc�a&_qa��6b~jmln]do+eK]d�6r^i��V_m]`� rKb[�
Ù p^bdoKr�]do^a$c�bdo�g�ika¤jqe^a$l�oKl�jqlnbd�Ic¢]do�r�l�jql�]`oKi

x2 = 90
p
x3 = 90

jm]t]`��jqbdl�o

xn = 45 · 2n−1 �V]d_ n ≥ 2.
* zK�Hs�ß�b�oKim�¨a(_qi�jqeKb~j�b�_qa���_q]doK�Kp^�^g^j�c¢]`e^a�_qa�ohj���l�jqe+jmeKa&b�oKim��a�_��dln�da(o�lnoDfhg^a(ikjmln]do#�§Å���a�_qa2c¢]dgKo`jqa(r
bdi�c�]d_q_maHcSj(�

}BÅ@ÿ�o#��eKb~j�r^b[����ln�n�>jme^a$©�]d©Kg^�nb�jmln]do�_maHbdcOe ª-�
� p ���
�/.
� z�Ý��.�(�Þz��¨ß§�¿o���]�jqe�c�b`ikaHi�p`l�o�jme^a�b~�°jma(_moK]h]`ot]��>jmeKa ªHÉ jme�r^b[�`p�jqe^a�©�]d©^gK�nb�jmln]do���ln����_qa(bdcOe

3 ·x12

ph��eKlncOe
lni��d_qa(b~jqa�_¨jmeKbdo ª-�
� p ���
� �. Ue^a¤¡K_Oikj�rKb[�

n
�V]`_���e^lncOe�jqe^a

xn ≥ 100, 000
lni

n = 13
�

* zK�Hs�ß&b�oKim��a�_Oi
n = 12

b�oKr
n = 13

��a�_qatc¢]dgKo`jqa(r�bdi¤c¢]`_m_qa(c¢j¤b`i��n]doK��b`i�jqe^a����¨a(_ma�c¢]deKa�_qa�ohj���l�jme
jme^a2bdoKim�¨a(_��`l��`a�o�l�o+fhg^aHi�jql�]`oKiU�8Å�bdoKr�vhÅ���a�_qa¤c�]dg^ohjqa(r�bdi�c¢]`_m_qa(c¢j(�

��Ò sh|[v`��ÓHs10IÕ$ÖZ]`���`a�jqe^a$_maHc¢g^_q_qa�oKc�a�_qa��6b~jql�]`o
xn = 2xn−2 − xn−4

pK��e^a�o
x0 = 2

p
x1 = 1

p
x2 = 2

p
x3 = 3

2

�
2�l�ohj(ÄUÖZ]d�n�da¤jqe^a&_qa(c�g^_q_ma(oKc¢a¤_qa��6b~jmln]do+ima�©Kbd_qb�jma(�����V]`_

n
]�r^r+b�oKr��V]`_

n
a��`a�oI�U¥�i�gKikg�b��ÂpKc¢]`��©Kg�jma$jqe^a2¡�_qikj��Va��

jqa�_q�tiU]d�)jqe^a2ikaHfhg^a�oKc�adpZjq]�ika(a���e�b~j�l�j��n]Z]d��iU�nl��`ad�

� z�ÝÞ�)�H��z��0ß43�a�¡Ko^a
yn = x2n

b�oKr
zn = x2n+1

�Ñÿ�o^a#eKb`i
yn = 2yn−1 − yn−2

p
y0 = y1 = 2

bdoKr
zn =

2zn−1 − zn−2

p
z0 = 1

p
z1 = 3

2

�§ Ue^a$cOeKb�_Obdc¢jma�_ql6i�jqlnc�©�]`���Zo^]`��l6b��;l6i
r2 − 2r + 1 = (r − 1)

2 p^��e^l6cOe�e�bdiUbtiklno^�d�na
À r�]dg^�K��a Á _m]Z]�j

r1 = 1
�8\K_m]`�Èjme^a$lno^l�jml6b��)c�]doKr^l�jql�]`oKi�p�]`o^a¤eKbdi

yn = 2 + 0 · n = x2nbdoKr

zn = 1 +
1

2
n = x2n+1.

¦§g^jkjmlno^�tjqe^l�oK�`i��Kb`cO�tjm]`�da¢jqe^a�_Hp�]doKa��`a¢jOi

xn =

{

2
l��

n
l6iUa��da(oIp

3+n

4

l��
n
lni�]�r^rI�

 .]t]d��jOb�lno
3+n

4

pKo^]�jqa¤jmeKb�j(pKl��
n
l6i�]�r^r>pKjme^a(o

n = 2m + 1
�V]d_�im]d�ta

m = n−1

2

bdoKr�jmeZgKi
xn = zm = 1 + m

2
=

1 + n−1

4
= 3+n

4
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