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`HaObdc)egfRh�ikjHc)lQmonpagqsrtbuc)eOv�w_xHy{z}|'~����\�Xn�muh�muhHc��gbuc)e�moc)lQm�f)e�buc�egqYv�|����)z�~��.��z>�*�{�{�s�����*�0���.�gaOj�hYe{�Oc
vtaOjH�tmul�eg��aOjtm��XhYe�m�n6l�eglo�gcFv>r���~���xYy)�
mua�muhHc���aObuvHn�qH�Ia���mohHc#ikjHcFl�mun�aOq�jHqkmun� XmuhHc�¡�c)e�qYn�qH�\ag�¢mohYc
ikjHc)lQmonpagq�n6l0f£ �cFe�bF��¤dhYc£q�mubo�¥moa$¦�qYv%e�q%egqYlo��c)b)�.���s�gagj��Oc§m�lQmoj�fR��rkvtagq*¨ m�hHc)lon�mRe�mucXmoa'yO~��;�FxHy����OagjHb0¤�� ©2�
agbX¡�cO�
ªM pc)eOlQc��Xbon�moc��gagjYb�loc)f§monpagq%q_jH¡¥��c)b�aOq��gaOjHb0hYag¡�c£��agbu�«eOl0��c£ p >egl�e2buagjH�Oh�c)lQmonp¡�e�moc�a��*mohHc�monp¡�c��Oagj

lo¬�c)qOm¢loag p�_n�qY�¥n�m)�

��­ wO��yO��®Fw\¯�°��±q�moa��Xqsr_muhHc£buc$e�buc�²�j�l�m¢³«buc)lQmue�jYbuegqOmRl£´
• ©µlQcFe��[a_atv�buc)lQmuegjHbRe�qkm�loc£bu�_n�qH��vtn6lohHc)l��[buag¡¶e$·olQc£m�¸ S �
• ©��gc)�gc§mRe�bunpegq%buc)lQmue�jYbuegqOmXloc£bu�knpqH��vtn6lQhHcFl��[boaO¡¹e$·olQc£m�¸ V � S ∩ V = ∅ �
• ©µf£egboqHnp�gaOboaOjYlMbuc)lQmuegjHbRe�qkmdloc£bu�_n�qY�«vtn6lohHc)ld�[buag¡¹e�·oloc§m�¸ C � S ∩ C = V ∩ C = ∅ �©�vtnpqHqHc£bºf£agqYlon6l�mRl�ag�.aOqHc$vtnploh�agb�m���a�vtn6lQhYc)l$»¼muhHc$agbRvtc)b�¡�e�momoc)bulR½0�[boaO¡¾mohHc2lue�¡�c�bocFl�mRe�jHbRe�qkm�egqYv�c£qYvHl

�Xn�moh$c£n�mohYc£b*eXf£jH¬$a��tf§ag¿�c)cgr{eXf§jH¬�a��t pnpikjHaOb)rFed¡�n�qkm*aOb>qHa�muhHn�qY�Y�.À*c§m E = { Á a�¿;c£c , Àsn6iOjYagb , Â n�qkm , Ã a�muhHnpqH� }��c�mohHc2loc§mºag�.¬�aOlulQnp�H pc�c)qYvtnpqH�Ol)�
x�Ä�Å�bun�moc�n�q�¡�e�muhHc£¡�e�mon6f£e� >qYa�mue�monpagq�mohHc2loc§mºag�.¬�aOlulQnp�H pc2vtnpqHqHc£bRl)�

� ~�Æ��.�)�Ç~���È0©�vtnpqHqHc)bdf£agjH 6v�f£agqYlon6l�mRl�ag�.e«lQcFiOjYc£qYf£c
(s, e) ∈ S ×E f§aOqYlQn6lQmonpqH�'ag�.e¥loc)e��[a_a_v�vtn6lQh

s
egqYv�e�q#c)qYvtnpqH�

e É agb�e%lQcFikjHc£qYf£c (v, v′, e) ∈ V × V × E f£agqYlon6l�mun�qH��ag�8m���a%�Oc£�Oc§muegbon6e�q�vtn6lQhHcFle�qYv�e�q�c£q�vtn�qY� É c£muf��MÊOagnpqHnpqH��e� p ;mohHc$¬�aOlulon��Hnp pn�mun�cFl£r_muhHc2lQc£mºa��8vtn�qYqHc£bRlXf£egq���c$�Xbun�momoc£q*´
{

(d, e) | d ∈ S ∪ V ∪ C, e ∈ E
}

∪
{

(d, d′, e) | (d, d′) ∈ S2 ∪ V2 ∪ C2, e ∈ E
}

= S × E ∪ S × S × E ∪ V × E ∪ V × V × E ∪ C × E ∪ C × C × E
= (S ∪ V ∪ C) × E ∪

(

S2 ∪ V2 ∪ C2
)

× E

�MÄ�ÅËhYe�mºn6ldn�mulºf)e�bRvtn�q�e� ¼Ì��V� cO��npq�hHa��!¡�egqk��vtn�¿;c£buc£qkmº�de{�tl�f)e�q�agqHc�hYe{�Oc$vtn�qYqHc£bVÌ
� ~�Æ��.�)�Ç~���È¥Í_npqYf£c¥muhHc%loc§mul�npq�mohHc�jHqYn�aOqIeg��a��Oc¥e�buc¥m���agÎÏ�_�kÎÇm���a�vHnpl�²�agnpqkm)r>muhHc%f£egbuvtnpqYeg �ag�0muhHnpl
lQc£m)rt�On��Oc£q��k�%mohHc$¬HbuatvtjYf§m¢e�qYv�lQjY¡¶bujH �cFl£rtn6l)´

|S| · |E| + |S|2 · |E| + |V| · |E| + |V|2 · |E| + |C| · |E| + |C|2 · |E| .

ykÄ�ÅËhYe�mºn6l�mohYc2f£e�bRvtnpqYe� ;ag�.muhHc2lQc£mXa��Jvtn�qYqHc£bRldn�q��XhHn6fRh�m���a�vtn6l�mun�q�fVm¢vtn6lQhYc)lºegboc�lQc)bo�Oc)vYÌ
� ~�Æ��.�)�Ç~���È$¤dhHc£buc¥egboc

P (|S| , 2)
lQcFiOjYc£qYf£c)l��Xn�muhHagjtm�buc£¬�c§mon�monpagq�a��Mm���a�lQcFe��[a_atvZvtn6lQhHcFl£�2©¢ �mua�Î

�gc£mohHc)b)r_muhHc£buc$e�buc
(P (|S| , 2) + P (|V| , 2) + P (|C| , 2)) · |E|vtnpqHqHc£bRldnpq��XhYnpfRh�m���a�vtn6lQmonpqYfVm¢vtn6lohHc)lºegboc�loc£bu�gc)vs�

��­ wO��yO��®Fw � °�ÐJÑtc£bRf§n6lQc$Ò«¬s�sÓFÔgÕ¥a��dÖ�Ó§×Ï´M`�npqYv�mohHcFlQc$��e� pjHcFl£�
x�Ä b1.1c �§�£�§�)�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�)�§�£�£�£�§�)�OÓ�MÄ d1.1e �§�£�§�)�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�)�§�£�£�£�§�)�{ØykÄ b−0.1c �§�£�§�)�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�£�£�£�ÏÎuÓ�JÄ d−0.1e �£�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�)�§�£�§�)�§�£�¼ÔwHÄ d2.99e �£�£�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�)�§�£�§�)�§�£³Ù Ä d−2.99e �£�£�§�)�£�§�)�§�£�§�)�§�£�£�£�§�£�£�£�§�)�§�£�§�)�§�£�£�£�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�£�§��Î±Ø�>Ä ⌊

1

2
+

⌈

1

2

⌉⌋ �£�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§� ⌊
1

2
+ 1

⌋

= 1zJÄ ⌈⌊

1

2

⌋

+
⌈

1

2

⌉

+ 1

2

⌉ �£�§�)�§�£�£�£�§�)�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�£�§�)�§�£�§�)�§�£�£�£�§�)�§�£�§�)�§�£�£�£�§�)�§� ⌈
0 + 1 + 1

2

⌉

= 2Ú
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��­ wO��yO��®FwZós°�`HaObXc)egfRh�a��.mohHc��[jYqYfVmun�aOqYlX��c£ pa��$rHvtc§muc£bu¡«npqHc$�XhHc£mohHc)bXn�mºn6lXaOqOmua«egqYv�ô�agbdagqHc£ÎÇmua�Î�agqHcO�
x�Ä

f : n ∈ N −→ n + 1 ∈ N� ~�Æ��.�)�Ç~���È Ã agmMagqkmoa���c)f£egjYloc 0
n6lQq�õ¼mJmohYcXn�¡�e��Ocd�k�

f
a��>e�qYe�mujHbueg tq_jH¡'��c£bF´ ∀n ∈ N, n+1 6= 0

�
ö qHc§ÎÏmoagÎÏaOqHc¢��c)f)e�jYloc

m 6= n =⇒ m + 1 6= n + 1 ⇐⇒ f (m) 6= f (n)
�

�MÄ
f : x ∈ Z −→ x3 ∈ Z� ~�Æ��.�)�Ç~���È Ã a�mXagqkmua«��c)f)e�jYloc 2

nploq¢õ[m�muhHc$np¡�eg�gc��_�
f
ag�8e«qYe�mojHbRe� >q_jH¡¥��c)b)´ ∀n ∈ N, n3 6= 2

�
ö qHc§ÎÏmoagÎÏaOqHc¢��c)f)e�jYloc

m 6= n =⇒ m3 6= n3 ⇐⇒ f (m) 6= f (n)
�

ykÄ
f : x ∈ R −→ x3 ∈ R� ~�Æ��.�)�Ç~���È ö qkmua«��c)f)e�jYloc ∀y ∈ R, ∃x = 3

√
y ∈ R

egqYv
f (x) = y

�
ö qHc§ÎÏmoagÎÏaOqHc¢��c)f)e�jYloc

x 6= y =⇒ x3 6= y3 ⇐⇒ f (x) 6= f (y)
�

�JÄ
f : n ∈ Z −→ dn/2e ∈ Z� ~�Æ��.�)�Ç~���È ö qkmua«��c)f)e�jYlocgr ∀n ∈ Z

r
n = f (2n)

�
Ã a�mXaOqHc§ÎÏmoagÎÏaOqHc���c)f)e�jYloc f (2) = f (3) = 1

�
wHÄ

f : n ∈ N −→ (−1)
n bn/2c ∈ Z� ~�Æ��.�)�Ç~���È Ã a�mucg´ f (0) = 0

r
f (1) = 0

r
f (2) = 1

r
f (3) = −1

r
f (4) = 2

r
f (5) = −2

�p���
ö qOmua¥��c)f)e�jYlocgrYn��

n ≥ 0
r
n = f (2n)

egqYv>rtn��
n < 0

r
n = f (−2n + 1)

�
Ã a�mXaOqHc§ÎÏmoagÎÏaOqHc���c)f)e�jYloc f (0) = f (1) = 0

�
��­ wO��yO��®Fw � °�Àsc£m

A = {1 . . . 10} egqYv B = {1 . . . 20} e�qYv�vtc£¦YqHc�mohYc��[jHqYfVmun�aOqYl
f : x ∈ A −→ 2x ∈ B
g : x ∈ B −→

⌈

x
2

⌉

∈ Ax�Ä�ªMbua��gc�agbºvtn6lQ¬Yboa��Ocºmoh�e�m
f
n6lXaOqOmua�e�qYv�mohYe�mºn�mºn6ldagqYc§ÎÏmoa�Î�agqYcg�

� ~�Æ��.�)�Ç~���È Ã a�mXagqkmua«��c)f)e�jYlocgr 1 ∈ B
e�qYv ∀m ∈ A, 2m 6= 1

�
ö qHc§ÎÏmoagÎÏaOqHc¢��c)f)e�jYloc

m 6= n =⇒ f (m) 6= f (n)
�

�MÄ�ªMbua��gc�agbºvtn6lQ¬Yboa��Ocºmoh�e�m
g
n6lXagqkmoa�egqYv%muhYe�mºn�mºn6ldagqHc£ÎÇmua�Î�agqHcO�

� ~�Æ��.�)�Ç~���È ö qkmoa«��cFf£e�j�lQcOr ∀m ∈ A
r
2m ∈ B

egqYv ∀g (2m) = m
�

Ã a�mXaOqHc§ÎÏmoagÎÏaOqHc���c)f)e�jYloc f (1) = f (2)
�

ykÄ�ªMbua��gc�agbºvtn6lQ¬Yboa��Ocºmoh�e�m
g ◦ f

n6lXaOqOmua�e�qYv�mohYe�mºn�mºn6ldagqYc§ÎÏmoa�Î�agqYcg�
� ~�Æ��.�)�Ç~���È Ã a�muc�muhYe�mFr ∀m ∈ A, (g ◦ f) (m) =

⌈

2m
2

⌉

= dme = m.¤dhHnpl��[jYqYfVmun�aOq�n6lºf£ �cFe�bu ���aOqOmua�e�qYv�agqHc£ÎÇmua�Î�agqHcO�

��­ wO��yO��®Fw � °2Àsc£m
R
��c�e�buc£ 6e�mun�aOqZagqIe�loc§m

A
f£agqkmuegn�qYn�qH��m���a�agb�¡�agbuc¥c) �c)¡«c)qkmul)�$ªMboa��Oc'aOb�vtn6lo¬Hboa��Oc

mohYc��[ag p �a��XnpqH��l�mRe�moc)¡�c£qkmul
x�Ä����

R
nplºlo�_¡�¡«c£mobunpf�egqYv%mubuegqYlon�mun��Ocgr_mohYc£q

R
nplºboc£÷Yc§Ñtnp�gcg�

� ~�Æ��.�)�Ç~���È2`Yeg plocg´����
R = ∅ r*nÇ� cg�«qHa�c£ pc£¡�c£qkmul��Oc£bun��[� R (x, y)

r>muhHc£q
(A, ∅) n6l$lQ�_¡�¡�c§mubon6f¥egqYvmobRe�qYlon�monp�gc�»ø²�jYlQm�fRhHcFfR��mohHc2vtc£¦YqHn�monpagqYlR½VrY�HjtmºqHagmºboc£÷Yc§Ñtnp�gcg�

�MÄ����
R
nplºegq�cFikjHn���eg �c)qYf§c�buc£ 6e�monpagq*rOmuhHc£q

R
n6ldqHagm¢e'mua�mRe� >agbRvtc)bXboc) pe�monpagqs�

� ~�Æ��.�)�Ç~���È�¤.bujHcg´8ªMbua_a��8�k��f§agqkmubueOvtnpf§monpagqs�
Í_jH¬H¬�aOloc

R
n6lXe�q�c)ikjHnp��e� pc£qYf£c�buc£ 6e�mun�aOq�egqYv�e«moa�mRe� >aObuvtc)b)�

ù���eglulQjY¡«¬Hmonpagqsr_muhHc£buc�c§ÑtnplQmXm���a�vHnplQmonpqYfVmºc) �c)¡�c£qkmul
x 6= y

a��
A
�

Í_npqYf§c
R
n6lXe¥moa�mRe� >aObuvtc)b)rkc£n�mohYc£b

R (x, y)
n6l�mobujHcgrtaOb

R (y, x)
n6l�mobujHcg�8�±q�mohHc�¦YbRlQmXf)eglocgrtlon�qYf£c

Rnpl¢lQ�_¡�¡�c§mobun6f Ú r�agqHc2eg ploa�hYegl
R (y, x)

�0�±q�mohHc2loc)f£agqYv�f£eOlQcOrtagqHc2eg ploa�hYegl
R (x, y)

��¤dhkj�l£rHnpq#e� p 
f£eOlQcFl£r_��a�moh

R (x, y)
e�qYv

R (y, x)
e�buc�mobujHcg�

Í_npqYf§c
R
n6lXe�qkmunplo�_¡«¡�c£mobunpf Ý rHaOqHc�hYegl

x = y
rt�XhHnpfRh�f§aOqkmobRegvtn6fVmRl�mohHc$npqHn�mon6e� slQmue�muc£¡�c£qkm

x 6= y
�

Ú 9;ú�ûQüRý{þÇú0ÿ �sÿøþ*ü���ú��£ý{ÿ �Rü��øú��FûQú���ú	� ü
�Ïÿ��
�kLÝ 9;ú�ûQüRý{þÇú
R
ÿøþ*ü����
���{ú	����ú	� ü
�Ïÿ��
�OL
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ykÄ����
R
nplºegq�cFikjHn���eg �c)qYf§c�buc£ 6e�monpagq*rOmuhHc£q

R
n6ldqHagm¢e¥¬�e�bomon6e� >agbRvtc)b�buc£ 6e�mun�aOqs�

� ~�Æ��.�)�Ç~���È%`Yeg plocg´«¤.eg�gc
R = {(x, x) | x ∈ A} r.mohHc)q (A, R)

n6l'e�q@cFikjHn���eg �c)qYf§c�buc£ 6e�mun�aOq\egqYv
e� 6lQa�e«¬�aklQc£m'»�eOlXlQc)c£q�n�q#f§ 6eglulR½V�

�JÄ����
R
nplºlo�_¡�¡«c£mobunpf�egqYv�egqkmon6lQ�_¡�¡�c§mobun6f�r_mohYc£q ∀x, y ∈ A

r
R (x, y) =⇒ x = y

�
� ~�Æ��.�)�Ç~���È¥¤.bujHcg´����

R (x, y)
n6l�mobujHcgrsmohHc)qsr.�_��lo�_¡�¡«c£mobu�gr

R (y, x)
npl2eg ploa�mobujHcg��Í_npqYf£c�mohHc)qsr

R (y, x)
e�q�v

R (x, y)
e�buc¢mubojHcOrHagqYc�h�egl)rt�k��e�qkmon6lQ�_¡�¡�c§mubo�Or

x = y
�

��­ wO��yO��®Fw��s°�`HaObXc)egfRh�a��.mohHc$buc£ 6e�mun�aOqYld��c£ pa��
x�Ä

A = Z, R (x, y) ≡ x = max {x, y}�MÄ
A = Z, R =

{

(x, y) | x ≤ y ∧ x2 − y2 = 0
}

ykÄ
A = Z, R =

{

(x, y) | x ≤ y ∨ x2 − y2 = 0
}

¯tÄ�È Á npbRf§ pcgr�agqImohHc��gbunpvHl � {−4, ..., 4} × {−4, ..., 4} ag�d`�np�gjHbuc��H�pÓgr.mohYc%¬�aOn�qkmRl
(x, y)

moh�e�m'�Oc£bun��[�
R (x, y)

�
� ~�Æ��.�)�Ç~���È�Ítc£c$`�n��OjHboc��Y��ÓO�

� Ä�È�ª0boa��Oc�aObºvtnplo¬Hbua��gc�mohYe�m
R
n6lXbuc§÷Yc£Ñ_np�gcOrHlQ�_¡�¡�c§mubon6f�rHegqOmunplo�_¡�¡«c£mobunpfgrtmobRe�q�lQn�monp�gcO����agq�õ¼mX�[agbu�gc£m

mohYe�mXmohHc
R
nplXvtc£¦YqHcFv�aOq

Z
r�qHa�m8²�jYlQm {−4, . . . , 4} �

� ~�ÆÇ�*�F��~��0È
x�Ä Ã agmoc�mohYe�m x = max {x, y} n�¿ x ≥ y

�
R
npl8buc§÷Yc£Ñtn��Ocgr�lQnpqYf£c ∀x, x = max {x, x} � Ã a�mJlQ�_¡�¡�c§mobun6f�rlQnpqYf£c

R (2, 1)
r��Hjtm%qHagm

R (1, 2)
�}©¢qkmon6lQ�_¡�¡�c§mobun6f�r�lonpqYf§c

x ≥ y
egqYv

y ≥ x
np¡�¬H pn�cFl

x = y
�

¤*bRe�q�lQn�monp�gcOr_lonpqYf§c
x ≥ y

e�qYv
y ≥ z

n�¡�¬H pnpc)l
x ≥ z

�
�Magj�f£agjH 6v�eg ploaX²�jYlQmXloe{�«moh�e�m)rtlon�q�f§c

(Z, R)
n6l�mohHc���c£ p �Î��_qHa��Xq�¬�aklQc£m

(Z,≥)
r
R
npl�buc§÷Yc£Ñ_np�gcOrOqYa�m

lQ�_¡�¡�c§mubon6f�rHegqOmunplo�_¡�¡«c£mobunpf�egqYv%mubuegqYlon�mun��Ocg�
�MÄ

R
n6l¥boc£÷Yc§Ñtnp�gcgr8lon�qYf£c ∀x, x ≤ x ∧ x2 − x2 = 0

� Ã a�m«lo�_¡�¡«c£mobunpfgrJlQnpqYf§c R (−1, 1)
rJ�Hjtm¥qYa�m

R (1,−1)
��©ºqkmunplo�_¡«¡�c£mobunpfgr8lonpqYf§c

x ≥ y
egqYv

y ≥ x
np¡«¬Y �npc)l

x = y
��¤.buegqYlQn�monp�gcOr�lonpqYf§c

x ≤
y ∧ y ≤ z =⇒ x ≤ z

egqYv
x2 = y2 ∧ y2 = z2 =⇒ x2 = z2

�
ykÄ

R
n6l8boc£÷Yc§Ñtnp�gcgrOlQnpqYf§c ∀x, x ≤ x ∨ x2−x2 = 0

� Ã a�mMlQ�_¡�¡�c§mubon6f�rglonpqYf§c R (0, 1)
r��YjtmMqHa�m

R (1, 0)
�

Ã agm*e�qkmon6lQ�_¡�¡�c§mubon6f�r{lQnpqYf£c R (−1, 1)
egqYv

R (1,−1)
�.¤.buegqYlQn�monp�gcOrFlonpqYf§c

x ≤ y ∧ y ≤ z =⇒ x ≤ ze�qYv
x2 = y2 ∧ y2 = z2 =⇒ x2 = z2

�
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x, yx = max {       }
0 31 2 4−1−2−3−4

y

x

−3

−4

−2

−1

0
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0 31 2 4−1−2−3−4

y

x

x ≤ y ∧ x2− y2
= 0

−3

−4

−2

−1

0

1

2
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4

0 31 2 4−1−2−3−4

y

x

x ≤ y ∨ x2− y2
= 0

� x�Ä � �MÄ � y_Ä
��� �"!$#&%('&)+*,).-�bunpvYl8�[agbJÐJÑtc)buf£nploc/�H���¢aOq¢õ¼mJ�[aObo�Oc§m8mohYe�mJmohHcXbuc£ 6e�mun�aOqYlJe�bucXvtc§¦�qHc)v«agq

Ze�qYv�qHagmJ²�jYl�m {−4 . . . 4} �M¤dhHcFlQc��gbun6vHlXe�buc�hYc£buc�aOqH p��moa�np � pjYlQmobRe�moc¢·Q�XhYe�m�muhHc�boc) pe�monpagqYl �a_aO�% �np�gc§¸R�
� G0�Vý�1ºü	2ºû	�
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Û�Ü£ÝuÞoß�à>á�â�ã>ätã\å>æsçdä_è'æ>á�é\êºë�ìtáYæ�í;î¼Ü£î6æsï�â;ð%Ü)æ>ð�ñ;òYî¼æ>ï ê
��­ wO��yO��®Fw � °�À*c§m

A = {0, 1}3 ∪ {0, 1}4 ∪ {0, 1}5
. . .

��c�muhHc�lQc£mdag�*�Hn�mºl�mubonpqH�Ol�a��� �c)qH��muh
3
agbd¡�agbuc�e�q�v

 pc§m
R
��c�mohHc$buc£ 6e�mun�aOq�aOq

A
f§aOqYlonplQmonpqH��a��8e� p s¬Ye�npbRl

(x, y)
lojYfRh�mohYe�m

x
e�qYv

y
egboc�c)ikjYeg >c§ÑHf§c)¬tmº¬�c)boh�e�¬Yl

npq�muhHc£npbd¦YbRl�mXmuhHbuc£c��Hn�mul)�
� ~�ÆÇ�*�F��~��0È Ã a�mRe�mun�aOqs´���c��Xnp � J�Xbun�muc x = (x1, x2, x3, . . . , xn)

r
y = (y1, . . . , ym)

c) �c)¡�c£qkmul�ag�
A
��¤dhHc

buc£ 6e�monpagq
R
f)e�q�mohHc)q���c$�Xbun�momoc£q

R (x, y) ≡ m = n ∧ ∀i > 3, xi = yi.x�ÄIÍ_hHa��!mohYe�m
R
nplXegq�c)ikjHnp�{eg �c)qYf§c�buc£ 6e�mun�aOq�agq

A
�

� ~�Æ��.�)�Ç~���ÈJ¤dhHn6lJ¬Hbuakag��n6l8mobunp�kn6e� Ï´
R
npl8buc§÷Yc£Ñtn��Oc���c)f)e�jYloc ∀x ∈ A

r
x
n6l8muhHcºloeg¡�c� pc£qY��moh�eOl8n�mRlQc) ���r

e�qYv ∀3 < i < n, xi = xi

�ºÀsnp�gc)�Xnplocgr
R
n6l�lo�_¡�¡«c£mobunpfg�X©ºqYv#n�m�n6lXmubuegqYlon�mun��Ocg´�n��

z = (z1, ..., zp)e�qYv
n = m

egqYv ∀3 < i ≤ n, xi = yi

egqYv
m = p

e�qYv ∀3 < i ≤ m, yi = zi

r�mohYc£q
n = p

e�q�v
∀3 < i ≤ n, xi = zi

�
�MÄ�Å�bun�moc�n�q�¡�e�muhHc£¡�e�mon6f£e� >qYa�mue�monpagq�mohHc$cFikjHn���eg �c)qYf§c$f§ 6egluloc)lda��.mohHc2lQmobunpqH�Ol

ÓF½
110� ~�Æ��.�)�Ç~���È

110 = {y ∈ A | R (110, y)}
= {(y1, y2, y3) | ∀1 ≤ i ≤ 3, yi ∈ {0, 1}}
= {0, 1}3

Øg½
1010� ~�Æ��.�)�Ç~���È

1010 = {y ∈ A | R (1010, y)}
= {(y1, y2, y3, 0) | ∀1 ≤ i ≤ 3, yi ∈ {0, 1}}
= {0, 1}3 × {0}

³O½
11110� ~�Æ��.�)�Ç~���È

11110 = {y ∈ A | R (11110, y)}
= {(y1, y2, y3, 1, 0) | ∀1 ≤ i ≤ 3, yi ∈ {0, 1}}
= {0, 1}3 × {1} × {0}

ykÄ�Å�bun�moc�n�q� pc§Ñtn6f§ag�Obueg¬HhHn6f¢aObuvHc£b�;�c£ pc£¡�c£qkmulºa��.cFegfRh�a��.mohHc$cFiOjYn���e� pc£q�f§c$f§ 6eglulQcFlXe���a��gcO�
� ~�Æ��.�)�Ç~���È0ÅIbun�mun�qH� � mohHc$ pc§Ñtn6f§aO�gbRe�¬HhHn6fºaObuvHc£bFrkaOqHc$hYeOldcg� �Y�
ÓF½

000 � 001 � 010 � 011Øg½
1000 � 1010 � 1100 � 1110³O½
00010 � 10010 � 11010 � 11110

+ ~��)w�È�¤dhYnpldc£Ñ_c)buf£nploc�npld 6e�bu�gc) ���npqYlo¬HnpbocFv��_��ÐMÑ_c)buf£nploc)ldÒ«¬s�0<HÓ)³«e�qYv#Ø=<2¬s�><tÓ4;«a��dÖpÓ§×��
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