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����P?ROW�P�W>PsP�Rr�"W>M
X[T:P�P��:R`���6�\P�W>M`��V�X>Z�M`],Mr�oR��Y�6N>Ml�OP~�d��Z�]6_�V8SAX>Z�M`]���P���P?N[SsZ�W>P`^1RrXQX>T:P

P?]6_�M`��X[T:Z"W�_�M�S�V:��P?]OX4{
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��¡ aKj<eOty¢4aH£8¤�¥*PsX
A
^
B
Rr]8_

C
��P�X[T:P�W>P�X[W�_�P��6]6P?_��d�

A =
{

x ∈ Z | x2 < 9
}

B =
{

x ∈ N | x2 ≤ 9
}

C =
{

x ∈ N | x ≤ 100 ∧ ∃y ∈ N, y2 = x
}

c8¦b§�PsX>P?N>��Z�]:P�X[T:P�]dV:�~�8P?N[W$M`�*Ps��Ps��Ps]KXCW�Mr�
A
^
B
R`]6_

C
{$�DT6RlX�Z�W?^d_�P�X[PsN[��Z�]:P

|A|
^

|B|
Rr]8_

|C|
{

�$¦�§�PsX>P?N>��Z�]:P�X>T:P�]dV:�~�8P?NoMr�.Ps��Ps��Ps]KX[WDZ�]
A ∪ B

^
A ∪ C

^
A ∪ C

^
A ∩ B

^
A ∩ C

^
B ∩ C

{
eK¦b§�PsX>P?N>��Z�]:P�X>T:PQ]dV:�~�8P?NoMr�.Ps��Ps��Ps]KXCWDZ\]

A × B
^
A × C

R`]6_
A × B × C

{
��¡ aKj<eOty¢4a � ¤©¨,N>Z\X>P�Z�]�ª�]:q`��Z�W>T�X>T:P��GMO�\��MlmoZ�]:q�W�X[RrX>P?��P?]KX

∀A ∀B, |A ∪ B| = |A| + |B| .��N[Ml�`P©M`N�_:Z�W>�:N[Ml�`P�X[T:Z"W�WYXCRlX[Ps��Ps]KX?{

��¡ aKj<eOty¢4aE«*¤©¨,N>Z\X>P�Z�]�ª�]:q`��Z�W>T�X>T:P��GMO�\��MlmoZ�]:q�W�X[RrX>P?��P?]KX

∀A ∃B, |A ∪ B| 6= |A| + |B| .��N[Ml�`P©M`N�_:Z�W>�:N[Ml�`P�X[T:Z"W�WYXCRlX[Ps��Ps]KX?{

��¡ aKj<eOty¢4a­¬1¤©¨,N>Z\X>P�Z�]�ª�]:q`��Z�W>T�X>T:P��GMO�\��MlmoZ�]:q�W�X[RrX>P?��P?]KX

∃A ∃B, |A × B| = |A| · |B| .��N[Ml�`P©M`N�_:Z�W>�:N[Ml�`P�X[T:Z"W�WYXCRlX[Ps��Ps]KX?{
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��¡ aKj<eOty¢4a � ¤o¨bN[ZpX[P`^KZ\]���RrX>T:P?��RrX>Z"SsR`�6]:M`X[RlX[Z\MO]*^OX>T:P�]6PsqORrX>Z�M`]6W�Mr�'X>T:P��GM`���\MlmoZ�]:q�W�X[RrX>P�¾
��Ps]KXCW

c8¦
a = 1 =⇒ a > 1

{
�$¦

b2 6= 4 ⇐⇒ b /∈ {−2, 2}
{

eK¦
∀x, x ≥ 2 =⇒ −2x ≥ 4

{
¿�Z\]KX?À�Á�W�P©XCRr�:��P?W�Â�R`]6_ ÃiM`��Ä�Å�Æ�^��*{8ÇrÈ6{
��¡ aKj<eOty¢4a,É1¤QL:MON�Rr��� ]6RlX[V:N[R`�1]dV:�~�8P?N

n
^��\PsX

xn

�8P�R�N[P?R`�1]dV:�i��PsN4{�¥1P�X
x1 = 2

R`]6_F^
�GMON�Rr���

n ≥ 1
^6_�Ps�6]:P

xn+1 =
1

2
xn.

c8¦HÊ|M`���:V�X[P
x2

^
x3

^
x4

R`]6_
x5

{
�$¦bËdT:MlmÌ�K�
Z\]8_�V6SAX[Z\MO]�X>T6RrX

∀m ∈ N, xm = 22−m
{

eK¦b¥*PsX
ε
��P�R
WYX[N>Z"SAX[�\� ��MOW>ZpX[Z\�OPiN[P?Rr��]dV:�i��PsN4{�ËdT:Mlm	X>T6RrX�X[T:PsN[PiPs��Z�W�X[W©R�]6RrX>V:NCRr�

]dV:�i��PsN
k
W>V6SCT�X[T6RlX

xk < ε
{

¿�Z�]KX?À
ε = 2log

2
ε < 2blog2

εc−1
^6moT:P?N>P

log2

Z"Wo�6ROW�Ps¾ÍÇ~��M`qOR`N>Z\X>T6�ÎRr]8_
bc
Z�WoX>T:P

�\Mlm�PsN>¾�N>MOV:]6_�Z�]:q�MO�8P?N[RrX>Z�M`]*^�W>M�X>T8RlX
bxc

Z"W�X>T:P��"RrN[q`P4WYX�Z\]KX>P?q`P?N|]:M`Xo��R`N>qOPsN�X[T6Rr]
x
{

��¡ aKj<eOty¢4a � ¤QËdV:�6�8MKW�PQR��8P?N[W>M`]��yW|�GV:���1]6R`��P�Z"W�S�MO���8MKW�P4_�Mr�.PsZ\X>T6PsN

•
R~�6N[W�X�]6R`��PQR`]6_ R~�"R`W�Xo]6Rr��P�M`N

•
R~�6N[W�X�]6R`��PO^:R�W�P4S�M`]8_�]6R`��P�Rr]6_�R���ROWYXo]6R`��PQMON

•
R~�6N[W�X�]6R`��PO^:R�W�P4S�M`]8_�]6R`��P`^6R~X>T6Z\NC_�]6Rr��PQRr]6_�R���ROWYX�]8Rr��P`{

Ï­MON>P?Ml�`P?N?^lX[T:PsN[PQRrN[P�ÐOÐKÃlÑOÑ�_�Z\Ò�P?N>P?]KXD�"R`W�XD]6Rr��P?W?^�Rr]6_�X>T:P?N>P�RrN[P©ÈKÇOÃ`ÓQ_�Z\Ò�P?N>P?]KX��GP?��Rr��P
�6NCW�X�]6R`��P4W�Rr]6_ÔÅ4Ç�Å4Ñ���Rr��Pi�8N[W�X©]8Rr��P?W ® {��DT:P�W>P?SsM`]6_ER`]6_­X[T:Z�N[_�]6Rr��P?W©M`�|R���PsNCW�MO]
R`N>P©X[R`�`P?]��GN[M`�ÕX>T:P�W[Rr��PQW�PsX�R`WDT:Z"WAÖ<T:P?ND�6N[W�X�]6R`��PO{�¥*PsX

L
^
F
Rr]6_

M
��P�X>T6PiW�PsX[WoM`�

�"R`W�X?^d�GP?��R`�\P©�6NCW�X�Rr]6_
��Rr��P��8N[W�X�]6Rr��P4Ws^�N[P?W>�8P4SAX[Z\�OPs���`{
c8¦b§�Ps�6]:P©X>T6P�W>P�XD�GV:���F]6R`��P4Ws^�V8W�Z�]:q~X>T:PQW>P�X[W

L
^
F
^
M

R`]6_�V8W�V6R`�FW�PsXDMO�8P?N[RrX>Z�M`]6W
W�V8SCT ROW�V:]:Z�M`]*^:Z�]KX>P?N[W>P?S�X>Z�M`]*^:SsM`���:��Ps��Ps]KX?^:SsN>MKW>W��:N[M�_�V6S�X�P�X[S`{

�$¦�¿�MlmÌ��R`]d��_�Z"WYX[Z\]6S�Xo�GV:���1]6R`��P4WoRrN[P�X[T:PsN[P4×EØ`V6W�X>Z\�G���OM`V:NoR`]6W�m�PsN4{
��¡ aKj<eOty¢4a�Ù*¤D}Í]�RQ_�P4SC��^`X>T:P?N>P�R`N>PoÚKÇ�SsRrNC_:W?{1ª�ROSCT�SsRrNC_~Z�W$M`�FM`]:PoM`�8�GMOV:N���MOW[W�Z��:��PDW>V:Z\X[W
R`]6_�MO]:P�Mr�.PsZ�q`TKXo�8MKW>W>Z��:�\P��dZ�]6_:W?^6W�M�X[T6RlXDX>T6P�_�P?SC��S?Rr] ��PQZ�_�P?]KX>Z\�6P?_
moZpX[T X>T:P�W>P�X

D = {(s, k) | s ∈ {1, 2, 3, 4} , k ∈ {1, ..., 8}} .
�ÛT6Rr]6_EMr��P?Z\qOTOX�SsR`N[_:W�Z�W©R�W>P�X©Mr��P?Z\qOTOX�_�Z"WYX[Z\]6S�X�S?RrNC_:W�M`��X>T6P~_�P4SC��^'ZÜ{ PO{�X[T:P�M`NC_�PsN�Mr�
X[T:P�SsR`N[_
_�MdP?WD]:M`X���RrX�X[PsN4{

c8¦b§�Ps�6]:P�X[T:P�W�PsX�Mr� T6Rr]6_6WoMr� PsZ�q`TKX�SsRrNC_:WDV6W>Z�]:q�X>T:P�W>P�X��:V6Z\�"_�PsNo]6MrX[RrX>Z�M`]*{
�$¦�¿�MlmÝ��Rr]d��_�Z\Ò�P?N>P?]KX�T6Rr]6_6W�Mr�DPsZ�q`TKXiSsR`N[_:W�R`N>P�X>T6PsN[P4×��DT8RlXQZ�W?^ moT6RlXQZ"W�X>T:P

SsR`N[_�Z�]6R`�FMr�1X[T:P�W>P�X�Mr� T6Rr]8_:WoMr� PsZ�q`TKX�SsR`N[_:W?{$Ø`V8WYX[Zp�G�
�`M`V6NDR`]6W>m|P?N?{
eK¦b¿�MlmÞ��R`]K��_�Z\Ò'PsN[Ps]KX�T8Rr]6_:W�M`�*PsZ�q`TKXDS?RrNC_:W�RrN[P�X>T6PsN[P�Z�]�moT:Z"SCT
R`�\�FSsR`N[_6W|R`N>P�Mr�

X>T:P�W[Rr��PQW>V:ZpX4{�Ø`V8WYX[Zp�G�
�`M`V6NDR`]6W>m|P?N?{
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��¡ c:ýþw.ÿya�¤���jlh*h��o��� tãz�k v eru?tãh8z|{
ËdV6�:�8MKW�P�m�PQRrN[P©qOZ\�OPs]�u?f a���c:eru4¢

L:M`NoR`�\�*]8RlX>V6N[R`��]dV:�~�8P?N
n
^���P�X

xn

��PQR�N>P4Rr�']dV:�i��PsN4{�¥*PsX
� Ð6{\Å	�

x1 = 1
Rr]6_F^d�GMON�Rr���

n ≥ 1
^:_�Ps�6]:P

� Ð6{ Ç
�
xn+1 = xn +

1

3
.

�DT:Z"WD��P?R`]6W�X>T6RrX
c8¦EX>T:P?N>PDZ"W$Rr]�Z\]:�6]:Z\X>P�W>P?UKV:Ps]8S�P�Mr�8N[P?R`�d]KV6�i��PsNCWs^rmoT6PsN[P�X[T:P

n �
� ]dV:�~�8P?N$Z�W$S?Rr���\P4_
xn

{
�$¦��DT:P��6NCWYXo]dV:�~�8P?NoMr� X>T:P�W>P?UKV:P?]6S�P�Z"W

1
{

eK¦�}*�d]:Mlm,X>T6RrX�X[T:P
(n + 1) �
� ]dV:�~�8P?N�Z�]�X[T:PDW�P4UOV6Ps]6SsP�Z"W1P4UOV8Rr�OX>M�X[T:P n �
� ]dV:�i��PsN�:��V6W 1

3

{
�|�d�:Z�S?Rr���\�O^dm|PQmoZ��\�FmDRr]KXDX>M�SsM`���:V�X[P©X>T:P��6NCW�Xo�GPsm ]dV:�~�8P?N[WDZ�]�X>T:P�W>P?UKV:P?]6S�POÀ

x2 = x1 +
1

3
=

4

3
' 1.333, x3 = x2 +

1

3
=

5

3
' 1.666, ...

}��.}|R`�ÎR`W>�`P4_�u4f�a��Fv ad¢su4tyh�z
ËdT:Mlm �d��Z�]6_�V8SAX>Z�M`]�X[T6RlX

� Ð6{ Ú��
∀m ≥ 1, xm =

2 + m

3

X[T:Z�WD��P4Rr]6WDX[T6RlXo}DW�T6M`V:�"_
W>T:Mlm X>T6RrX
�GM`NDRr���']6RlX[V:N[R`�8]dV:�~�8P?N

m
qON>P4RlX>P?N�MON|P4UOV8Rr�8X>M

1
^
xm

Z�W�P4UOV8Rr�8X>M 2+m

3MON?^d�:V�X�Z\] WYX[Z\���1R`]:MrX[T:PsNomDR<�
�GM`N�R`�\�8]6RlX[V:NCRr��]dV:�i��PsN

m
q`N[P?RrX>P?N$M`N�P4UOV8Rr��X[M

1
^rX[T:P�W�X[RlX[Ps��Ps]KX

xm =
2+m

3

Z"W�X>N[V:P`{
ËdM8^<q`Z��`Ps]�X[T:P|�yR`SAXCW1Z�]iª|UOV8RlX>Z�M`]8W � Ð:{�Å��*R`]6_ � Ð:{ Ç��A^<}*�~V6W�X���P�R`�:�\P�X>M©�:N>Ml�OP.X>T6RrX?^lZ�]6_�P?P?_F^
ª�UKV6RrX>Z�M`] � Ð6{ Ú���Z"WDX[N>V:PO{���M`X>P©X>T6RrXoX>T:Z"WoZ"WoR��:N[M`��PsN>XY��Mr� R`�\�1]6RlX[V:N[R`�']KV6�i��PsNCWs{
¿�MlmÌ_�M�}DW�T:MlmÞX>T6RrXC× }Í]�X>T6N>P?P�WYX[Ps�6W?À

c8¦��©Z\�OP�R�]6Rr��PO^�P`{ q6{
P (m)

X[MEX[T:P­WYXCRlX>P?��Ps]KX~X[T6RlX�}�mDRr]KXiX[Mb�6N>Ml�OP��GM`N�Rr]d�
]dV:�i��PsN

m ≥ 1
{$}Í]
X>T:Z"W�S?R`W>P`^

P (m)
Z�W�X[T:P�WYXCRlX[Ps��Ps]KX

xm = 2+m

3

{
�$¦
���DROW�Z"W�W�X>P?�d�CÀo}�W>T:Mlm	X>T8RlX�X[T:P~W�X[RrX>P?��P?]KX

P (1)
Z�W�X>N[V:PO{��DT6RrX�Z"W ± ^FW�T6MlmÌX[T6RlX

x1 = 2+1
3

{
eK¦��Y}Í]8_�V6SAX[Z\�OP�W�X>P?�d�AÀ�}iW>T:Mlm X>T8RlX�Zp�Y^��GM`N�W�MO��P

k ≥ 1
^$X[T:P WYXCRlX>P?��Ps]KX

P (k)
Z"W

X>N[V:P ü ^�X[T:Ps]�X>T6P�WYXCRlX>P?��Ps]KX
P (k + 1)

Z"W�Rr�"W>MiX[N>V:P��4{

± 2�� æ<âYä
P (m) ≡ xm = 2+m

3

9
ü /��lè �!� ç#"��$�<ä�ç$�Üè �Üä&%oäYæ��

xk = 2+k

3

� ç��Üáyà<äA9
� /��lè �!� ç#"

xk+1 =
2+(k+1)

3

� ç1è(' çÜß)�Üáyà<äA9
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§�P��8]:P�X>T:P�W�X[RrX>P?��P?]KX

P (m)
X>M���P`À

P (m)
∆
≡ xm =

2 + m

3}Í]bM`NC_�PsN�X>M��:N[Ml�`P��d� Z\]8_�V6SAX[Z\MO]EX[T6RlX
P (m)

Z"W�X[N>V:P~�GM`N�Rr���
m ≥ 1

^�Z\X�Z�W�W>V+*�S�Z�Ps]KX�X[M
W>T:Mlm
X[T6RlX4À
,.-	/102/./(35456�7

P (1)
Z"W$X>N[V:PO{ �DT:Z"W|Z�W�X>N[V:P���P?SsR`V6W>P

P (1)
∆
≡ x1 = 2+1

3

�d��_�P��6]6ZpX[Z\MO]�Mr�
P ()

R`]6_
x1 = 1 = 2+1

3

�d�
R`W[W>V:����X>Z�M`]�8C{
9;:�<>=@?;3A0CB	4D/13E456�7���W[W�V6��P�X[T6RlX4^d�GM`N�W>M`��P

k ≥ 1
^
P (k)

Z�W�X>N[V:PO^:Zã{ P`{$MO]:P�T6R`W

xk =
2 + k

3
.

F ]6P�R`��W>M�T6R`W�G
xk +

1

3
=

2 + k

3
+

1

3
=

2 + (k + 1)

3
.

ÏEM`N[PsMl�`P?N?^K�d��_�Ps�6]:Z\X>Z�M`]IH.M`�
xk+1

X>T6Z�WoPs���:N>P4W>W>Z�M`]�Z"W�R`��W>M~P4UKV6Rr�'X[M
xk+1

^6W>MiX[T6RlX�MO]:PQT6ROWsÀ

xk+1 =
2 + (k + 1)

3
.

�DT6Z�W�W�X[RrX>P?��P?]KXDZ"W
P (k + 1)

^�moT:Z"SCT Z�W�X[TdV6W�_�P4_�V6S�P4_
�GN>MO�
P (k)

{

8 /I�4äoèCçÜçãà	%KJ��$� ßAæL%oä�æ;�$� ßAæ<æ<ä&MN�4ä�áyäO� ç�#@P?àlè �$� ßAæRQ2S49 =#T�9�/��<äVU�ßsß(�Üæ4ß(�ÜäYç�èCáãä�æ<ß(��JlèCáW��ß(UX�A�4äoèCæ<ç$Y'ä�áZ�ãß.�$�<ä
P?à<äYç
�A� ßAæK9
G %�[�è(M	M�� æ	\ 1

3

�ãßO]rß(�A��çA�^M<äYç1ß(U+�A�	� ç1ä&P?à<è �A� ßAæK9H /��	� ç�� ç1#_Psàlè �$� ßAæNQ`S49 ;;TÍ9

ËdP?PQRr�"W�M�X>T6PQP��:Rr���:��P?W�Mr� X>T6P�X>P��dX[�8MdM`��Ä\ÅsÆÜ^:�6�*{8ÇlÈ�aiMO]dm�R`N[_F{
bDcedfceg�cehIi�c@j

k =5l�)�9nm�9no*ßAçÜäYæK9
prqts5u�v
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